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Abstract
Let Y be a metrizable space containing at least two points, and let X be a YI-Tychonoff space for
some ideal I of compact sets of X. Denote by CI(X,Y ) the space of continuous functions from X
to Y endowed with the I-open topology. We prove that CI(X,Y ) is Fre´chet–Urysohn iff X has the
property γI . We characterize zero-dimensional Tychonoff spaces X for which the space CI(X,2)
is sequential. Extending the classical theorems of Gerlits, Nagy and Pytkeev we show that if Y is
not compact, then Cp(X,Y ) is Fre´chet–Urysohn iff it is sequential iff it is a k-space iff X has the
property γ. An analogous result is obtained for the space of bounded continuous functions taking
values in a metrizable locally convex space. Denote by B1(X,Y ) and B(X,Y ) the space of Baire
one functions and the space of all Baire functions from X to Y , respectively. If H is a subspace
of B(X,Y ) containing B1(X,Y ), then H is metrizable iff it is a σ-space iff it has countable cs
∗-
character iff X is countable. If additionally Y is not compact, then H is Fre´chet–Urysohn iff it is
sequential iff it is a k-space iff it has countable tightness iff Xℵ0 has the property γ, where Xℵ0 is
the space X with the Baire topology. We show that if X is a Polish space, then the space B1(X,R)
is normal iff X is countable.
Keywords: function space, Cp(X,Y ), Baire function, metric space, Fre´chet–Urysohn, sequential,
k-space, normal, cs∗-character, σ-space, ideal of compact sets
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1. Introduction
For Tychonoff spaces X and Y , we denote by Cp(X,Y ) and Ck(X,Y ) the family C(X,Y ) of
all continuous functions from X to Y endowed with the topology of pointwise convergence or the
compact-open topology, respectively. If Y = R, we shall write Cp(X) and Ck(X).
The study of topological properties of spaces of continuous functions is quite an active area of
research attracting specialists both from General Topology and Functional Analysis and has a long
history. Moreover, the study of topological properties of the function spaces Cp(X) and Ck(X) is
one of the main topics in General Topology. For numerous results and historical remarks we refer
the reader to the classical texts [1, 28] or to the recent monograph [41] and references therein. Let
us recall some of the most famous results (all relevant definitions are given below or can be found
for example in the classical book of Engelking [10]). We start from the following two remarkable
theorems proved by Pol in his seminal paper [33], where I = [0, 1].
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Theorem 1.1 (Pol). If X is a metric space, then the following assertions are equivalent: (a)
Cp(X, I) is normal, (b) Cp(X, I) is Lindelo¨f, (c) the set of all non-isolated points of X is separable.
Theorem 1.2 (Pol). (i) If X is a first countable paracompact space, the following assertions
are equivalent: (a) the space Ck(X, I) is a k-space, (b) for any compact metrizable space K,
the space Ck(X,K) is paracompact and Cˇech-complete, (c) X = L∪D is the topological sum
of a locally compact Lindelo¨f space L and a discrete space D.
(ii) If X is a metric space, the following assertions are equivalent: (a) Ck(X, I) is normal, (b)
Ck(X, I) is Lindelo¨f, (c) for any compact metrizable space K, the space Ck(X,K) is Lindelo¨f,
(d) the set of all non-isolated points of X is separable.
The following fundamental result was proved independently by Gerlits and Nagy [14, 15] and
Pytkeev [35].
Theorem 1.3 (Gerlits–Nagy–Pytkeev). For a Tychonoff space X the following assertions are
equivalent:
(i) Cp(X) is a Fre´chet–Urysohn space;
(ii) Cp(X) is a sequential space;
(iii) Cp(X) is a k-space;
(iv) X has the property γ.
For a Tychonoff space X we denote by Cb(X) the subspace of C(X) containing all bounded
bounded functions. In [36], Pytkeev proved the following important result which we shall use
below (for the definition of an ideal I of compact sets in X and the I-open topology see Section 2).
Although this theorem is proved in [36] only for CI(X), the proof for the space C
b
I(X) is exactly
the same because all functions used in the proof can be chosen bounded.
Theorem 1.4 (Pytkeev). Let X be a Tychonoff space, I be an ideal of compact subsets of X and
let E = CI(X) or E = C
b
I(X). Then the following assertions are equivalent:
(i) E is a Fre´chet–Urysohn space;
(ii) E is a sequential space;
(iii) E is a k-space.
Denote by 2 a discrete two element space. For a zero-dimensional Polish space X, a characteri-
zation of sequentiality of Ck(X,2) was obtained in [19]. The following more general theorem was
proved by the first author.
Theorem 1.5 ([11]). Let X be a zero-dimensional metric space X. Then:
(i) Ck(X,2) is a k-space if and only if either X = L ∪ D is a topological sum of a separable
metrizable locally compact space L and a discrete space D or X is not locally compact but the
set X ′ of non-isolated points of X is compact;
(ii) Ck(X,2) is a sequential space if and only if X is a Polish space and either X is locally compact
or X is not locally compact but the set X ′ of non-isolated points of X is compact;
(iii) Ck(X,2) is a Fre´chet–Urysohn space if and only if Ck(X,2) is a Polish space if and only if
X is a Polish locally compact space.
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Let us also mention the following interesting result of Pol and Smentek [34]: If X is a zero-
dimensional realcompact k-space, then the group Ck(X,2) is reflexive. For other results concerning
topological properties of Ck(X,2) see [3, 11].
Let X be a Tychonoff space and let E be a locally convex space. In the theory of locally convex
spaces there is a long tradition to investigate locally convex properties of the space C(X,E) endowed
with the pointwise topology or the compact-open topology by means of topological properties of
X and locally convex properties of E. The most important case is the case when E is a Banach
space (so if additionally X is compact, we obtain the widely studied class of Banach spaces). For
numerous results obtained in the eighties of the last century and historical remarks we refer the
reader to the well known lecture notes of Schmets [39].
The aforementioned results motivate the following general problem.
Problem 1.6. Let Y be a metric space containing at least two points, I be an ideal of compact
sets in a topological space X, and let P be a topological property. Characterize (in terms of X and
Y ) the spaces CI(X,Y ) with P.
In this paper we concentrate mainly on the properties of being a Fre´chet–Urysohn, sequential,
normal space or a k-space.
If X is connected and Y is discrete, then the function space C(X,Y ) contains only constant
functions. So to avoid such unpleasant cases and to have the space C(X,Y ) sufficiently rich, we
have to consider several separation axioms by analogy with the classical notion of Tychonoff spaces
(notice that exactly by this reason the space X in [19, 34] and Theorem 1.5 is assumed to be
zero-dimensional). For the topology of pointwise convergence such axioms were considered in [4].
In Section 2, we define and study necessary separation axioms and covering properties depending
on an ideal of compact subsets of X which are essential for our main results.
In Section 3, in terms of covers of the space X we obtain the following results: (a) a charac-
terization of spaces X for which the space CI(X,Y ) is Fre´chet–Urysohn (Theorem 3.4), and (b) a
characterization of zero-dimensional T1-spaces X for which the space CI(X,2) is sequential (The-
orem 3.8). In Section 4, for a non-compact metric space Y we show that the conclusion of the
Gerlits–Nagy–Pytkeev Theorem 1.3 still remains true: Cp(X,Y ) is a Fre´chet–Urysohn space if and
only if it is a sequential space if and only if it is a k-space if and only if X has the property γ (see
Theorem 4.3). Applying Pytkeev’s Theorem 1.4, we show in Theorem 4.5 that its conclusion is
true also for the spaces CbI(X,Y ) and C
rc
I (X,Y ), where Y is a metrizable locally convex space and
CrcI (X,Y ) denotes the space of all continuous functions f whose image f(X) is relatively compact
in Y .
Although the classes of continuous functions are the most important, there are other classes
of (noncontinuous) functions which are of significant importance and widely studied in General
Topology and Analysis; for example, the classes of Baire type functions introduced and studied by
Baire [2].
Let X and Y be topological spaces. For α = 0, we put B0(X,Y ) := Cp(X,Y ). For every nonzero
countable ordinal α, let Bα(X,Y ) be the family of all functions f : X → Y that are pointwise limits
of sequences {fn}n∈ω ⊆
⋃
β<αBβ(X,Y ) and B(X,Y ) :=
⋃
α<ω1 Bα(X,Y ). All the spaces Bα(X,Y )
and B(X,Y ) are endowed with the topology of pointwise convergence, inherited from the Tychonoff
product Y X . If Y = R, set Bα(X) := Bα(X,R) and B(X) := B(X,R).
The most important case is the case when X is a Polish space. This is explained not only by
the classical results due to Rene´ Baire, Henri Lebesgue and others, but also by some deep results
in the Banach space theory. If X is a Polish space, the compact subsets of B1(X) (called Rosenthal
compact) have been studied intensively also by Godefroy [17], Todorcˇevic´ [42] and many others.
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For a Banach space Y , the compact subsets of B1(X,Y ) are called Rosenthal–Banach compacts;
they were introduced and studied in [29]. The study of topological properties of spaces of Baire
functions is also motivated by the following fundamental theorem which is proved by Bourgain,
Fremlin and Talagrand [6] and is a strengthening of a result of Rosenthal [38]:
Theorem 1.7 (Bourgain–Fremlin–Talagrand). If X is a Polish space, then B1(X) is angelic.
In a more general setting when X is a Tychonoff space, some of topological properties of the
spaces Bα(X), α ∈ (0, ω1], were studied by Pestryakov in his thesis [32]. Among the others, he
proved the following results.
Theorem 1.8 (Pestryakov). Let X be a Tychonoff space and 0 < α ≤ ω1.
(A) The following assertions are equivalent:
(i) Bα(X) is a Fre´chet–Urysohn space;
(ii) Bα(X) is a sequential space;
(iii) Bα(X) is a k-space;
(iv) Bα(X) has countable tightness;
(v) Xℵ0 is a Lindelo¨f space;
(vi) Xℵ0 satisfies the property γ.
(B) t
(
Bα(X)
)
= sup{l(Xnℵ0) : n ∈ ω}.
The next theorem was proved recently by the first author.
Theorem 1.9 ([12]). Let G be a non-precompact abelian metrizable group, X a G-Tychonoff first
countable space and let H be a subgroup of GX containing B1(X,G). Then the following assertions
are equivalent:
(i) X is countable;
(ii) H is a metrizable space and H = GX ;
(iii) H has countable tightness;
(iv) H has countable cs∗-character;
(v) H is a σ-space;
(vi) H is a k-space.
If in addition B2(X,G) ⊆ H, then (i)-(vi) are equivalent to
(vii) H is a normal space.
In Section 5 we essentially extend Theorems 1.8 and 1.9, see Corollaries 5.22 and 5.23, respec-
tively (see also Theorem 5.24).
To get our main results of Sections 3-5, we actively use the next two ideas. The first one was
successfully applied in [12] to prove Theorem 1.9, and it is that instead of the whole function
space C(X,Y ) we consider only some of its sufficiently rich and saturated subspaces, see Definition
3.1. For example, if Y is a locally convex space, then the spaces CbI(X,Y ) and C
rc
I (X,Y ) satisfy
Definition 3.1 (Proposition 4.4). The second general idea used in Section 5 is standard in the theory
of spaces of Baire function (see for example [22, 27]), and it is that we reduce the study of the
spaces of Baire functions to the study of subspaces of the space Cp(Xℵ0 , Y ), where Xℵ0 is the set
X endowed with the Baire topology (for details see Section 2). It turns out (Proposition 5.15) that
already the space B1(X,Y ) considered as a subspace of Cp(Xℵ0 , Y ) is sufficiently rich in the sense
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of Definition 3.1 and, therefore, we can apply our main results of Sections 3 and 4 to get essential
generalizations of Theorems 1.8 and 1.9.
By Theorem 1.9, if α > 1, then the space Bα(X,G) is normal if and only if X is countable.
However, the question of whether the same holds true also for the space B1(X,G) of functions of
the first Baire class remains open. In the last Section 6 we obtain a partial answer to this question
in the most important case of Polish spaces X proving the following result (Corollary 6.10): If X
is a Polish space, then B1(X) is normal if and only if X is countable.
2. Some covering properties and separation axioms
In this section we consider several covering properties and separation axioms which are essentially
used in the paper.
2.1. Some covering properties
We start from some necessary definitions and notations. Let X be an arbitrary set and let γ be
a family of subsets of X. Set
lim γ :=
{
x ∈ X : the set {U ∈ γ : x 6∈ U} is finite
}
.
If γ = {Un}n∈ω, then lim γ = limUn =
⋃
n∈ω
⋂
i≥n Ui, and we also write Un → lim γ; if additionally
lim γ = X the sequence γ is called a p-sequence.
If U and U ′ are families of subsets of X, say that U ≤ U ′ if, for any U ∈ U , there is U ′ ∈ U ′ such
that U ⊆ U ′. For families U1, . . . ,Un of subsets of X, set
U1 ∧ · · · ∧ Un := {U1 ∩ · · · ∩ Un : Ui ∈ Ui for all i = 1, . . . , n}.
It is clear that U1 ∧ · · · ∧ Un ≤ Ui for every i = 1, . . . , n.
A sequence {Un}n∈ω of subsets of X is called decreasing if Un+1 ≤ Un for each n ∈ ω.
Let X be a topological space. A family γ of subsets of X is called an ω-cover of X if for any
finite A ⊆ X, there is U ∈ γ such that A ⊆ U . Recall (see [1]) that the space X is said to have
• the property γ if every open ω-cover contains a p-sequence;
• the property ϕ if for any open ω-cover η = {ηn : n ∈ ω} of X with ηn ≤ ηn+1 there exists a
p-sequence ξ = {Xn : n ∈ ω} such that Xn is ω-covered by ηn for every n ∈ ω;
• the property ε if any open ω-cover η of X has a countable ω-subcover.
The following proposition is Theorem 1 in [15] and Theorem II.3.2 of [1].
Proposition 2.1. For a topological space X the following assertions are equivalent:
(i) X has the property γ;
(ii) X has the properties ϕ and ε;
(iii) for any sequence {γn}n∈ω of open ω-covers of X, one can choose Un ∈ γn for each n ∈ ω,
such that limUn = X.
Below we generalize the above-mentioned notions to any ideal of compact sets in X. Recall that
a family I of compact subsets of a topological space X is called an ideal of compact sets if
⋃
I = X
and for any sets A,B ∈ I and any compact subset K ⊆ X we get A ∪B ∈ I and A ∩K ∈ I, i.e.
if I covers X and is closed under taking finite unions and closed subspaces. The most important
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cases are the ideal I = F(X) = [X]<ω of all finite subsets of X and the ideal I = K(X) of all
compact subsets of X.
Let X be a topological space and let I be an ideal of compact sets of X. A family γ of subsets
of X is called an I-cover of X if for any A ∈ I, there is U ∈ γ such that A ⊆ U , see [28, § 4.4]. An
I-sequence in X is any sequence {Cn}n∈ω of subsets of X with the property that if A ∈ I, then
there exists an m ∈ ω such that A ⊆ Cn for all n ≥ m. So, if I = F(X) or I = K(X) and following
[28], we shall say that an I-cover is a p-cover (=an ω-cover) or a k-cover of X and an I-sequence is
a p-sequence or a k-sequence, respectively. Analogously to the properties γ, ϕ and ε, we say that
the space X has
• the property γI if every open I-cover contains an I-sequence;
• the property ϕI if for any open I-cover η = {ηn : n ∈ ω} of X with ηn ≤ ηn+1 there exists an
I-sequence ξ = {Xn : n ∈ ω} such that Xn is I-covered by ηn for every n ∈ ω;
• the property εI if any open I-cover η of X has a countable I-subcover.
Remark 2.2. Let η = {ηn : n ∈ ω} be an open I-cover of a Tychonoff space X such that ηn ≤ ηn+1
for n ∈ ω, and let ξ = {Xn : n ∈ ω} be an I-sequence in X. For the property ϕI , it is not necessary
that Xn is I-covered exactly by ηn, it suffices to assume that Xn is I-covered by some ηkn . Indeed,
we can assume that 0 ≤ k0 < k1 < · · · . If 0 ≤ k < k1, set X
′
k := ∅. For every n ≥ 1 and
kn ≤ k < kn+1, put X
′
k := Xn. Then the sequence ξ
′ = {X ′k : k ∈ ω} I-covers X and, for every
k ∈ ω, X ′k is I-covered by ηk. 
For the property γI we have the following analogue of Proposition 2.1 (we omit its proof because
it is very similar to the proof of Proposition 2.1).
Proposition 2.3. Let X be a topological space and let I be an ideal of compact sets of X. Then
X has the property γI if and only if it has the properties ϕI and εI .
Let X be a Tychonoff space and let {Xn}n∈ω be an increasing cover of X (i.e., X =
⋃
n∈ωXn
and Xn ⊆ Xn+1 for all n ∈ ω). For every n ∈ ω, let In be an ideal of compact subsets in Xn
such that In ⊆ In+1. It is easy to see that the family I :=
⋃
n∈ω In is an ideal of compact subsets
of X. Conversely, if I is an ideal of compact subsets of X, then for every n ∈ ω, the family
In = I ∩ Xn := {K ∈ I : K ⊆ Xn} is an ideal of compact subsets in Xn. We shall say that
{Xn}n∈ω is I-regular if I :=
⋃
n∈ω In. It is clear that if I = F(X), then any increasing cover
{Xn}n∈ω of X is F(X)-regular.
Let X be a Tychonoff space and let I be an ideal of compact subsets of X. For every n ∈ ω,
denote by Xn the space X and let Y :=
⊕
n∈ωXn be the direct topological sum of the spaces Xn.
Define the ideal I(Y ) of compact sets in Y as the direct sum of I, i.e., a compact subset F of Y
belongs to I(Y ) if and only if F ∩Xn ∈ I for every n ∈ ω. Then, by the definition of I(Y ), the
cover {
⊕n
i=0Xi}n∈ω of Y is I(Y )-regular.
We say that the property γI is σ-additive on a Tychonoff space X if for every I-regular increasing
cover {Xn}n∈ω of X such that all Xn have the property γIn with In = I ∩Xn, it follows that the
space X has the property γI . In [23, Corollary 14], Jordan proved that the property γ (=γp) is
σ-additive for every Tychonoff space X. We do not know whether for every Tychonoff space X
and each ideal I of compact sets in X, the property γI is σ-additive. Below we consider only one
special case used in what follows.
Proposition 2.4. Let X be a topological space and let I be an ideal of compact sets of X. Then
X has the property γI if and only if the direct topological sum Y =
⊕
{Xi : Xi = X for each i ∈ ω}
has the property γI(Y ).
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Proof. Assume that X has the property γI . Let U = {Uα : α ∈ Λ} be an open I(Y )-cover of Y .
We have to show that U contains an I(Y )-sequence. For every n ∈ ω, we identify Xn with X and
set
Vn := {(Uα ∩X0) ∩ · · · ∩ (Uα ∩Xn) : α ∈ Λ},
and observe that Vn is an I-cover of X (indeed, if F ∈ I take α ∈ Λ such that
⊕n
i=0 F ⊆ Uα). Note
that X ∈ Vn if and only if
⊕n
i=0Xi ⊆ Uα for some α ∈ Λ. We distinguish between two cases.
Case 1. There exist a sequence {αk}k∈ω ⊆ Λ and a strictly increasing sequence {nk}k∈ω ⊆ ω
such that
⊕nk
i=0Xi ⊆ Uαk . Then the sequence {Uαk}k∈ω is an I-sequence in U , and we are done.
Case 2. There is an m0 ∈ ω such that
X0 ⊕ · · · ⊕Xn 6⊆ Uα for every α ∈ Λ and n ≥ m0. (2.1)
Since X has the property γI and all Vn are I-covers of X, for every n ≥ m0 there is an I-sequence
Sn = {Vα(i,n) : i ∈ ω} ⊆ Vn, where α(i, n) ∈ Λ and
Vα(i,n) := (Uα(i,n) ∩X0) ∩ · · · ∩ (Uα(i,n) ∩Xn) for all i ∈ ω.
It follows from (2.1) that
Vα(i,n) 6= X for all i ∈ ω and n ≥ m0. (2.2)
Denote by Ω the set of all finite sequences i = (i0, . . . , is) ∈ ω
<ω such that s = i0 and i0 < · · · <
is. For every i = (i0, . . . , is) ∈ Ω, set
Wi := Vα(i0,m0) ∩ · · · ∩ Vα(is,m0+s). (2.3)
We claim that the family W := {Wi : i ∈ Ω} is an open I-cover of X. Indeed, let F ∈ I. Since
Sm0 is an I-sequence, there is i0 > 0 such that F ⊆ Vα(i0,m0). As all Sn are I-sequences, there
are i1, . . . , ii0 ∈ ω such that i0 < · · · < ii0 and F ⊆ Vα(it,m0+t) for all t = 1, . . . , i0. Then, putting
i := (i0, . . . , ii0), we obtain F ⊆Wi.
Since X has the property γI , there is a sequence
{ik = (i
k
0 , . . . , i
k
sk
) : k ∈ ω} ⊆ Ω
such that {Wik : k ∈ ω} is an I-sequence for X. We claim that
ik0 →∞ as k →∞. (2.4)
Indeed, suppose for a contradiction that some subsequence {i
kj
0 : j ∈ ω} is contained in a finite set
{0, . . . , T}. Then, by (2.3), the setsWikj are contained in one of the sets Vα(0,m0), . . . , Vα(T,m0). But
since {Wikj : j ∈ ω} is also an I-sequence for X, we obtain that the family {Vα(0,m0), . . . , Vα(T,m0)}
is an I-cover of X, and hence X = Vα(i,m0) for some i ∈ {0, . . . , T}. However this contradicts (2.2).
Thus (2.4) holds true.
To finish the proof of the necessity it is sufficient to show that the sequence S := {Uα(iksk ,m0+i
k
0
) :
k ∈ ω} is an I(Y )-sequence. To this end, fix an arbitrary F˜ ∈ I(Y ). As F˜ is compact, there is a
q0 ∈ ω such that F˜ ∩Xn = ∅ for every n > q0. Set F :=
⋃q0
i=0(F˜ ∩Xi). Then F ∈ I. By (2.4) and
since {Wik : k ∈ ω} is an I-sequence, we can choose an r ∈ ω such that
m0 + i
k
0 > q0 and F ⊆Wik for every k ≥ r.
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Now (2.3) implies that for every k ≥ r (recall that sk = i
k
0)
F ⊆Wik ⊆ Vα(iksk ,m0+i
k
0
) =
(
Uα(iksk ,m0+i
k
0
) ∩X0
)
∩ · · · ∩
(
Uα(ik
0
,m0+ik0)
∩Xm0+ik0
)
. (2.5)
Sincem0+i
k
0 > q0, (2.5) implies that F˜ ⊆ Uα(iksk ,m0+i
k
0
) for every k ≥ r. Thus S is an I(Y )-sequence.
Assume now that Y has the property γI(Y ). Let U be an open I-cover of X. We have to find
an I-sequence in U . Consider the family V := {U ⊕
⊕∞
i=1 Xi : U ∈ U}. Clearly, V is an open
I(Y )-cover of Y . By the property γI(Y ), choose an I(Y )-sequence {Un⊕
⊕∞
i=1 Xi : n ∈ ω} in V. It
is easy to see that the sequence {Un : n ∈ ω} ⊆ U is an I-sequence, as desired. 
2.2. Separation axioms
Let X and Y be topological spaces. For every y ∈ Y , define the constant function y ∈ Y X by
y(x) := y for every x ∈ X. Each ideal I of compact subsets of X determines the I-open topology
τI on the power space Y
X . A subbase of this topology consists of the sets
[K;U ] = {f ∈ Y X : f(K) ⊆ U},
where K ∈ I and U is an open subset of Y . In particular, for every g ∈ Y X , finite subfamily
F = {F1, . . . , Fn} ⊆ I and each family U = {U1, . . . , Un} of open subsets of Y such that g(Fi) ⊆ Ui
for every i = 1, . . . , n, the sets of the form
W [g;F ,U ] :=
{
f ∈ Y X : f(Fi) ⊆ Ui for all i = 1, . . . , n
}
.
form a base of the I-open topology τI at the function g. The space C(X,Y ) endowed with the
I-open topology induced from (Y X , τI) will be denoted by CI(X,Y ). So, Ck(X,Y ) = CI(X,Y )
for the ideal I = K(X) of compact subsets of X. For the ideal I = F(X) of all finite subsets of
X, the function space CI(X,Y ) is denoted by Cp(X,Y ). If Y = G is an abelian topological group,
then also (GX , τI) is an abelian topological group and we put [F ;U ] :=
⋂
x∈F W [0; {x}, U ]. So the
sets of the form [F ;U ], where F ∈ I and U ⊆ G is an open neighborhood of 0 ∈ G, form an open
base of the I-open topology at zero function 0 ∈ GX .
Now we consider some separation axioms.
Definition 2.5 ([4]). Let Y be a topological space. A topological space X is called
• Y -Tychonoff if for every closed subset A of X, point y0 ∈ Y and function f : F → Y defined
on a finite subset F of X \A, there exists a continuous function f¯ : X → Y such that f¯↾F = f
and f¯(A) ⊆ {y0};
• Y -normal if X is a T1-space and for any closed set F ⊆ X and each continuous function
f : F → Y with finite image f(F ) there exists a continuous function f¯ : X → Y such that
f¯↾F = f .
• Y -dimensional if X is a T1-space and for any closed set F ⊆ X and continuous function
f : F → Y , there exists a continuous function f¯ : X → Y such that f¯ |F = f . 
It is easy to see that every Y -normal space is Y -Tychonoff. Observe also that a topological space is
R-Tychonoff or R-normal if and only if it is Tychonoff or normal in the standard sense, respectively.
We will use repeatedly the following assertion.
Proposition 2.6 ([4]). Let Y be a topological space admitting a non-constant continuous function
χ : Y → R.
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(i) If X is Y -Hausdorff, then X is functionally Hausdorff.
(ii) If X is Y -Tychonoff, then X is Tychonoff.
(iii) If X is Y -normal, then X is normal.
We need the following generalization of Y -Tychonoffness.
Definition 2.7. Let X and Y be topological spaces and let I be an ideal of compact sets of X.
Then X is called YI-Tychonoff if for every closed subset A of X, point y0 ∈ Y , compact set F ∈ I
with F ⊆ X\A, and each continuous function f : F → Y with finite image f(F ) there exists a
continuous function f¯ : X → Y such that f¯↾F = f and f¯(A) ⊆ {y0}. 
If I = F(X) or I = K(X), we shall say simply that X is Yp-Tychonoff (=Y -Tychonoff) or Yk-
Tychonoff, respectively. It is clear that
Yk-Tychonoff +3 YI-Tychonoff +3 Yp-Tychonoff
for every ideal I of compact sets.
The next lemma is a slight extension of Propositions 2.6.9, 2.6.10, 3.4.4 and 3.4.5 of [10], its
proof is straightforward and hence omitted.
Lemma 2.8. Let Y be a topological space, X be a YI-Tychonoff space for an ideal I of compact
sets of X, and let Z =
⊕
{Xi : Xi = X for each i ∈ ω}. Then the spaces CI(Z)(Z, Y ), CI(X,Y
ω)
and the product CI(X,Y )
ω are homeomorphic.
Proposition 2.9. Let Y be a topological space admitting a non-constant continuous function χ :
Y → R, X be a topological space, and let I be an ideal of compact sets of X. Then:
(i) If X is YI-Tychonoff, then X is a Tychonoff space.
(ii) If in addition Y is path-connected, then X is Tychonoff if and only if it is YI-Tychonoff.
Proof. (i) Since X is also Y -Tychonoff, X is Tychonoff by Proposition 2.6.
(ii) Taking into account (i) it suffices to prove that if X is Tychonoff, then it is a Yk-Tychonoff
space. Fix a closed subset A of X, point y0 ∈ Y , compact set F ⊆ X\A, and continuous function
f : F → Y with finite image f(F ) = {y1, . . . , yn}, where y1, . . . , yn are pairwise distinct. Since
Y is path-connected, there is a continuous function h : [0, n] → Y such that h(i) = yi for every
0 ≤ i ≤ n. For every i = 1, . . . , n, set Ki := f−1(yi), so Ki is a compact subset of F and hence of X.
Now [16, 3.11(a)] implies that there is a continuous function g : X → [0, n] such that g(A) ⊆ {0}
and g(Ki) = {i} for 1 ≤ i ≤ n. Then the function h ◦ g : X → Y is a desired continuous extension
of f . 
The next proposition extends Proposition 2.7 of [4].
Proposition 2.10. Let X be a T1-space, and let I be an ideal of compact sets of X. Then the
following conditions are equivalent:
(i) X is YI-Tychonoff for any nonempty T1 space Y .
(ii) X is Y -Tychonoff for any nonempty T1 space Y .
(iii) X is 2I-Tychonoff.
(iv) X is 2-Tychonoff.
(v) X is a zero-dimensional space.
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Proof. The implications (i)⇒(ii), (ii)⇒(iv), (i)⇒(iii) and (iii)⇒(iv) are trivial. The implication
(iv)⇒(v) is proved in Proposition 2.7 of [4]. To prove (v)⇒(i), assume that X is zero-dimensional.
Being also a T1 space, X is Tychonoff. Given any nonempty T1-space Y , fix a closed subset A of
X, point y0 ∈ Y and continuous function f : F → Y with finite image {y1, . . . , yn} defined on a
subset F ∈ I of X \ A. For every i = 1, . . . , n, let Fi := f
−1(yi), so Fi ∈ I and all (compact) sets
F1, . . . , Fn and A are disjoint. Since X is zero-dimensional and Tychonoff, for every i = 1, . . . , n,
choose a clopen neighborhood Ui of Fi such that the sets U1, . . . , Un and A are disjoint. Define
f¯ : X → Y as follows: f¯(x) = yi if x ∈ Ui, and f¯(x) = y0 if x ∈ X \
⋃n
i=1 Ui. It is clear that f¯ is a
continuous extension of f such that f¯(A) ⊆ {y0}. 
Now we recall the definition of the Baire topology of a topological space X which will be used
essentially in the proof of the main results concerning spaces of Baire functions, see Section 5.
Let (X, τ) be a topological space. For a function f ∈ C(X), denote by Z(f) := f−1(0) and
CZ(f) := X\Z(f) the zero-set and the cozero-set of f . It is easy to see that the zero-set Z(f) is
a closed Gδ-set of X. If X is normal, then every closed Gδ-set of X is the zero-set of some real-
valued continuous function on X, see [16, 3D.3]. The Baire topology τb on X is the topology on the
underlying set X having for a basis the family of all zero-sets of X. Since the countable intersection
of zero-sets is also a zero-set, it follows that the space X endowed with the Baire topology and
denoted by Xℵ0 is a P -space. Recall that a topological space is called a P -space if the intersection
of a countable family of open sets is open. Let us recall also that the family of Gδ-sets in X forms a
base of the topology τδ on X, and the space X with the topology τδ is called the P -modification of
X and is denoted by PX or Xδ. Clearly, PX is a P -space and τδ is finer than the Baire topology
τb. If X is a Tychonoff space, then Xℵ0 = PX and Xℵ0 is a Tychonoff space.
Let X and Y be topological spaces. Analogously to zero-sets and cozero-sets we define
ZY := {f
−1(F ) : F is a closed set in Y and f ∈ C(X,Y )},
CZY := {f
−1(W ) :W is an open set in Y and f ∈ C(X,Y )}.
Definition 2.11. Let Y be a topological space containing at least two points, and let (X, τ) be a
Y -Tychonoff space. The family of all countable intersections of elements of ZY forms a base of the
topology τY on X finer than τ . The space XY := (X, τY ) is called the Yδ-modification of X.
Observe that if Y is a normal space, then τY ≤ τb (see the proof of (i) of Proposition 5.8 below).
To obtain the equality τY = τb we introduce the following class of topological spaces.
Definition 2.12. Let Y be a topological space. A topological space X is called
• Y -z-Tychonoff if X is a Tychonoff space and for every closed subset A ⊆ X, disjoint zero-
sets F1, . . . , Fn in X such that
⋃n
i=1 Fi ⊆ X\A, and each points y0, . . . , yn ∈ Y there exists a
continuous function f : X → Y such that f(A) ⊆ {y0} and f(Fi) = {yi} for every i = 1, . . . , n;
• Y -z-normal if X is a Tychonoff space and for each zero-set F ⊆ X and every continuous
function f : F → Y with finite image f(F ) there exists a continuous function f¯ : X → Y
such that f¯↾F = f .
Proposition 2.13. Let X be a Tychonoff space. Then:
(i) If X is Y -normal, then X is Y -z-normal.
(ii) If Y is a path-connected topological space containing at least two points and X is a normal
space, then X is Y -z-normal.
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(iii) If X is zero-dimensional, then X is Y -z-normal for every topological space Y .
(iv) X is Tychonoff if and only if it is R-z-Tychonoff.
(v) If X is Y -z-normal, then X is Y -z-Tychonoff.
(vi) If X is Y -z-Tychonoff, then X is Y -Tychonoff.
Proof. (i) and (v) immediately follow from the corresponding definitions.
(ii) By Proposition 2.6 and Proposition 2.4 of [4], a topological space X is normal if and only if
it is Y -normal. Now (i) applies.
(iii) Since X is zero-dimensional, Proposition 2.8 of [4] states that X is Y -normal for any
nonempty topological space Y , and (i) applies.
(iv) follows from Proposition 1.5.13 of [10].
(vi) Fix a closed subset A of X, point y0 ∈ Y and function f : F → Y defined on a finite subset
F = {x1, . . . , xn} of X \A. Since X is Tychonoff, there is a continuous function g : X → [0, n] such
that g(A) ⊆ {0} and g(xi) = i for every i = 1, . . . , n. Then the sets Fi := g
−1
(
[i − 13 , i +
1
3 ]
)
are
disjoint zero-sets in X such that
⋃n
i=1 Fi ⊆ X\A. Define a continuous function f
′ :
⋃n
i=1 Fi → Y
by f ′↾Fi = f(xi). Since X is Y -z-Tychonoff, f
′ has an extension f¯ ∈ C(X,Y ). It is clear that f¯ is
a desired extension of f . 
Example 2.14. There is a first countable R-z-Tychonoff space which is not R-z-normal.
Proof. Let L be the Niemytzki plane, see Example 1.2.4 of [10]. Since L is Tychonoff it is R-z-
Tychonoff by (iv) of Proposition 2.13. Denote by L1 the line y = 0. Then L1 is a discrete subspace
of L. Example 1.5.9 of [10] implies that there are two disjoint subsets A and B of L1 such that for
every open subsets U, V of L such that A ⊆ U and B ⊆ V it follows that U ∩ V 6= ∅. It is clear
that L1 is the zero-set of the function (x, y) 7→ y. Define f : L1 → R by f(A) = {1}, f(B) = {2},
and f
(
L1\(A ∪B)
)
⊆ {0}. Then, by the choice of A and B, the function f cannot be extended to
L. Thus the Tychonoff space L is not R-z-normal. 
If X is perfectly normal we can prove more. Recall that a topological space X is called perfectly
normal if it is a normal space and every closed subset of X is a Gδ-set. It is clear that a perfectly
normal space has countable pseudocharacter, also we recall that every metrizable space is perfectly
normal.
Proposition 2.15. For any perfectly normal space X the following conditions are equivalent:
(i) X is Y -z-Tychonoff;
(ii) X is Y -normal;
(iii) X is Y -z-normal.
Proof. By Proposition 2.13, (ii)⇒(iii)⇒(i). Let us prove (i)⇒(ii).
Assume that X is a Y -z-Tychonoff space. Let F be a closed subset of X and let f : F → Y be
a continuous function with finite image f(F ) = {y1, ..., yn} where all yi are distinct. Since X is a
perfectly normal space and F is closed, the set Fi = f
−1(yi) is a zero-set of X for each i = 1, . . . , n.
It is clearly that Fi ∩ Fj = ∅ for all distinct i, j ∈ {1, . . . , n}. By (i), there exists a continuous
function f¯ : X → Y such that f¯↾F = f . Thus X is Y -normal. 
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3. Fre´chet–Urysohness and sequentiality in some spaces of continuous functions
Since we shall consider subspaces H of C(X,Y ), some kind of richness of H will be necessary.
Below we generalize the notion of being a Y -Tychonoff space.
Definition 3.1. Let X,Y be topological spaces, I be an ideal of compact sets of X, D be a
subspace of Y , and let H ⊆ S be two subspaces of the power space Y X . Then H is called a
relatively DI-Tychonoff subspace of S if for every closed subset A of X, compact subset F ∈ I
contained in X\A, point y0 ∈ D and each f ∈ S such that f(F ) is a finite subset of D there is a
function f¯ ∈ H such that f¯↾F = f↾F and f¯(A) ⊆ {y0}. 
In other words, H is a relatively DI-Tychonoff subspace of S if for every closed subset A of X,
every function f ∈ S and each F ∈ I such that f(F ) is a finite subset of D and F ⊆ X\A, the
restriction f↾F can be extended to a function f¯ ∈ H with the additional condition f¯(A) ⊆ {y0}
for some point y0 ∈ Y . If I = F(X) or I = K(X) we shall say that H is a relatively Dp- or
relatively Dk-Tychonoff subspace of S, respectively. Observe that X is Y -Tychonoff if and only if
H = C(X,Y ) is a relatively Yp-Tychonoff subspace of S = Y
X .
Let us recall that a topological space X is called Fre´chet–Urysohn if for any cluster point a ∈ X
of a subset A ⊆ X there is a sequence {an}n∈ω ⊆ A which converges to a.
Proposition 3.2. Let Y be a T1 topological space containing a two element subset D = {g0, g1},
and let X be a YI-Tychonoff space for some ideal I of compact sets of X. Assume that H is
a relatively DI-Tychonoff subspace of CI(X,Y ) containing the constant function g0. If H is a
Fre´chet–Urysohn space, then X has the property γI .
Proof. Our proof is based on the idea of the proof of Theorem 4.7.4 of [28]. Let γ be an open
I-cover of X. If X ∈ γ, then ξ = {X} is a desired I-sequence. Assume that X 6∈ γ. Set
P :=
{
f ∈ H : f−1
(
Y \{g1}
)
⊆ U for some U ∈ γ
}
.
We claim that g0 ∈ P \P . Indeed, g0 6∈ P since g
−1
0
(
Y \{g1}
)
= X 6∈ γ. LetW =W [g0;F, V ]∩H
be a standard neighborhood of g0, where F ∈ I and V ⊆ Y is a neighborhood of g0. As γ is an I-
cover, there is U ∈ γ such that F ⊆ U . Since X is YI-Tychonoff and H is relatively DI-Tychonoff,
there is a function f ∈ H such that f(x) = g0 for every x ∈ F and f(X\U) ⊆ {g1}. Then
f−1
(
Y \{g1}
)
⊆ X\(X\U) = U . Therefore f ∈ P ∩W . Thus g0 ∈ P \ P .
Since H is a Fre´chet–Urysohn space, there is a sequence {fn}n∈ω ⊆ P such that fn → g0. For
every n ∈ ω, the choice of fn implies that there is a Un ∈ γ such that f
−1
n
(
Y \{g1}
)
⊆ Un. Set
ξ := {Un}n∈ω. We show that ξ is an I-sequence. Indeed, fix an arbitrary F ∈ I and choose an
open neighborhood V of g0 ∈ Y such that g1 6∈ V (recall that Y is T1). Then there exists an
m ∈ ω such that fn ∈W [g0;F, V ] for every n ≥ m. In particular, this implies that F ⊆ f
−1
n (V ) ⊆
f−1n
(
Y \{g1}
)
⊆ Un for all n ≥ m. Thus ξ is an I-sequence as desired. 
Below we prove the first main result of this section.
Theorem 3.3. Let Y be a metrizable space containing a two element subset D = {g0, g1}, and let
X be a YI-Tychonoff space for some ideal I of compact sets of X. Assume that H is a relatively DI-
Tychonoff subspace of CI(X,Y ) containing the constant function g0. Then H is a Fre´chet–Urysohn
space if and only if X has the property γI.
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Proof. If H is Fre´chet–Urysohn, then X has the property γI by Proposition 3.2.
Conversely, assume that X has the property γI . It is well known that any metrizable space Y
can be isometrically embedded into some Banach space E. Therefore H is a subspace of CI(X,E).
Hence it suffices to prove that the space CI(X,E) is Fre´chet–Urysohn. Let A ⊆ CI(X,E) and
f ∈ A\A. Since CI(X,E) being a locally convex space is homogenous, we can assume that f = 0
is the zero-function. Let {Vn}n∈ω be a strictly decreasing open base at 0 in E.
Below we use the idea from the proof of Theorem 4.7.4 of [28]. For every n ∈ ω and each F ∈ I,
choose a continuous function gn,F ∈ [F ;Vn] ∩A, and set
W (n,F ) := {x ∈ X : gn,F (x) ∈ Vn} and Wn := {W (n,F ) : F ∈ I}.
Since 0 ∈ A\A, it follows that Wn is an open I-cover of X for every n ∈ ω. Now we define a
sequence {Un}n∈ω of open I-covers of X as follows: U0 :=W0 and Un := Un−1 ∧Wn for n ≥ 1.
It can be assumed that X 6∈ I (otherwise, the space CI(X,E) is metrizable). Then the family{
X\{x} : x ∈ X
}
is an open I-cover of X. Therefore, by hypothesis, there is a sequence {xn}n∈ω in
X such that
{
X\{xn} : n ∈ ω
}
is an I-sequence. For each n ∈ ω, define U ′n := {U\{xn} : U ∈ Un},
and let V :=
⋃
n∈ω U
′
n. Then V is an open I-cover of X. Now choose an I-sequence {Ok}k∈ω from
V.
For every k ∈ ω, choose an nk ∈ ω such that Ok ⊆ Unk\{xnk} for some Unk ∈ Unk . So there
is an Fnk ∈ I such that Ok ⊆ W (nk, Fnk)\{xnk}. Observe that the sequence {nk}k∈ω cannot be
bounded (indeed, if nk ≤M for all k ∈ ω, then the finite set {x0, . . . , xM} ∈ I is not contained in
Ok for every k ∈ ω, and hence {Ok}k∈ω is not an I-sequence, a contradiction). Take an increasing
subsequence {nki}i∈ω, and let fi := gnki ,Fki .
We claim that fi → 0. Indeed, take an F ∈ I and an open neighborhood V of 0 ∈ E. Choose an
m ∈ ω such that Vnki ⊆ V and F ⊆ Oki for every i ≥ m. Then, for every i ≥ m, fi(F ) ⊆ Vnki ⊆ V
and hence fi ∈ [F ;V ]. Thus fi → 0. 
The metrizability condition on Y in Theorem 3.3 is essential. Indeed, if X is a singleton and
Y = {0, 1}ω1 , then Cp(X,Y ) is topologically isomorphic to the compact non-sequential space Y .
The next theorem gives a complete answer to Problem 1.6 for the property of being a Fre´chet–
Urysohn space.
Theorem 3.4. Let Y be a metrizable space containing at least two points, and let X be a YI-
Tychonoff space for some ideal I of compact sets of X. Then the following statements are equivalent:
(i) CI(X,Y ) is a Fre´chet–Urysohn space;
(ii) CI(X,Y )
ω is a Fre´chet–Urysohn space;
(iii) CI(X,Y
ω) is a Fre´chet–Urysohn space;
(iv) X has the property γI .
Proof. The equivalence (i)⇔(iv) follows from Theorem 3.3. The implication (ii)⇒(i) is clear since
CI(X,Y ) is homeomorphic to a subspace of CI(X,Y )
ω, and the equivalence (ii)⇔(iii) follows from
Lemma 2.8. To prove (iv)⇒(ii) we note first that, by Lemma 2.8, CI(X,Y )
ω is homeomorphic to
the space CI(Z)(Z, Y ) where Z =
⊕
{Xi : Xi = X for each i ∈ ω}. Now Proposition 2.4 implies
that the space Z has the property γI(Z). Finally, applying Theorem 3.3 we obtain that the space
CI(X,Y )
ω is Fre´chet–Urysohn. 
Let Y = R or Y = I := [0, 1]. Then, by Theorem 3.1.7 of [10], X is YI-Tychonoff if and only if
it is a Tychonoff space. Now Theorem 3.4 implies the following extension of Theorem 4.7.4 of [28]:
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Corollary 3.5. Let X be a Tychonoff space, and let I be an ideal of compact sets of X. Then the
following statements are equivalent:
(i) CI(X) is a Fre´chet–Urysohn space;
(ii) CI(X)
ω is a Fre´chet–Urysohn space;
(iii) CI(X, I) is a Fre´chet–Urysohn space;
(iv) CI(X, I)
ω is a Fre´chet–Urysohn space;
(v) CI(X, I
ω) is a Fre´chet–Urysohn space;
(vi) X has the property γI .
Proposition 2.10 and Theorem 3.4 imply
Corollary 3.6. Let X be a zero-dimensional T1-space and let I be an ideal of compact sets of X.
Then the following statements are equivalent:
(i) CI(X,2) is a Fre´chet–Urysohn space;
(ii) CI(X,2)
ω is a Fre´chet–Urysohn space;
(iii) CI(X,2
ω) is a Fre´chet–Urysohn space;
(iv) X has the property γI .
Remark 3.7. Combining Theorem 1.5 with Corollary 3.6 we obtain that a zero-dimensional metric
space X has the property γk if and only if X is a Polish locally compact space. It follows from [30,
Theorem 9.3] that if X is an arbitrary separable metric space, then the space X has the property
γk if and only if X is hemicompact. 
Recall that a topological space X is called sequential if for each non-closed subset A ⊆ X there
is a sequence {an}n∈ω ⊆ A converging to some point a ∈ A¯\A. Below we characterize sequentiality
of CI(X,2). We say that a cover γ of a topological space X is clopen if every U ∈ γ is a clopen
(=closed and open) subset ofX. Recall (see Proposition 2.10) that a T1-space X is zero-dimensional
if and only if it is 2-Tychonoff.
Theorem 3.8. Let X be a zero-dimensional T1-space, and let I be an ideal of compact subsets of
X. Then the space CI(X,2) is sequential if and only if for every clopen I-cover γ of X either
X ∈ γ or there is a sequence {Un}n∈ω in γ such that
(i) the set W0 := limn Un is a clopen subset of X and W0 6∈ γ;
(ii) the set W0 is I-covered by {Un}n∈ω;
(iii) the set X\W0 is I-covered by {X\Un}n∈ω.
Proof. Assume that the space CI(X,2) is sequential and let γ be a clopen I-cover of X. If X ∈ γ,
we are done. Assume now that X 6∈ γ. Since γ is clopen, for every U ∈ γ we can define a function
fU ∈ CI(X,2) setting
f−1U (0) := U and f
−1
U (1) := X\U.
Set P := {fU : U ∈ γ} and denote by 0 ∈ CI(X,2) the zero function. We show that 0 belongs to
P \ P . Indeed, 0 6∈ P since 0−1
(
0
)
= X 6∈ γ. Let W =W [0;F, {0}] be a standard neighborhood of
0, where F ∈ I. As γ is an I-cover, there is U ∈ γ such that F ⊆ U . Then clearly fU ∈ W . Thus
0 ∈ P \ P , and hence P is a non-closed subset of CI(X,2).
Since CI(X,2) is a sequential space, there is a sequence {fUn}n∈ω ⊆ P converging to some
function h ∈ P \ P . Set W0 := h
−1(0) and observe that W0 is a clopen subset of X. The
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equality h = limn fUn and the discreteness of the space 2 easily imply that W0 = limn Un and
h−1(1) = X\W0 = limnX\Un. To prove (i), we have to show that W0 6∈ γ. But if W0 ∈ γ we
would have h = fW0 ∈ P that contradicts the choice of h.
To show (ii) and (iii), fix a compact set F ∈ I such that F ⊆ W0 (respectively, F ⊆ X\W0).
Since fUn → h, there is an m ∈ ω such that fUn ∈ W [h;F, {0}] (respectively, fUn ∈ W [h;F, {1}])
for every n ≥ m. But this means that F ⊆ f−1Un (0) = Un (respectively, F ⊆ f
−1
Un
(1) = X\Un) for
every n ≥ m. Thus (ii) and (iii) hold true.
Conversely, assume that for every clopen I-cover γ of X either X ∈ γ or there is a sequence
{Un}n∈ω in γ satisfying (i)-(iii). To show that the space CI(X,2) is sequential, for every non-closed
subset A of CI(X,2), we have to find a function f ∈ A\A and a sequence {fn}n∈ω in A converging
to f . Since CI(X,2) being an abelian topological group is homogenous, we can assume that the
zero-function 0 belongs to A\A.
Set
W := {g−1(0) : g ∈ A}.
Since 0 ∈ A\A and all g−1(0) are clopen, it follows that W is a clopen I-cover of X. Observe that
X 6∈ W since, otherwise, we would have g−10 (0) = X for some g0 ∈ A, and hence 0 = g0 ∈ A, a
contradiction. By assumption, there is a sequence {fn}n∈ω in A such that the set
W0 = lim
n
f−1n (0) 6∈ γ
is a clopen subset of X and is I-covered by {f−1n (0)}n∈ω , and the set X\W0 is I-covered by the
sequence {X\f−1n (0)}n∈ω . Since W0 is clopen, we can define f ∈ CI(X,2) by f
−1(0) = W0 and
f−1(1) = X\W0. Let us show that f 6∈ A. Indeed, otherwise, the set W0 = f
−1(0) belongs to W
that contradicts (i).
We claim that fn → f . Indeed, since W0 is clopen and the range is the doubleton 2, for
every neighborhood O of f there are F0, F1 ∈ I such that F0 ⊆ W0, F1 ⊆ X\W0 and O˜ :=
W [f ;F0, {0}] ∩W [f ;F1, {1}] ⊆ O. By (ii) and (iii), choose an m ∈ ω such that F0 ⊆ f
−1
n (0) and
F1 ⊆ X\f
−1
n (0) = f
−1
n (1) for every n ≥ m. Then, for every x ∈ F0 ∪ F1 and each n ≥ m, we have
fn(x) = f(x) and hence fn ∈ O˜ ⊆ O. Thus fn → f . 
Remark 3.9. Let X be a zero-dimensional T1-space. If X has the property γI , then X satisfies
the conditions of Theorem 3.8. Indeed, let µ be a clopen I-cover of X. If X ∈ µ, we are done. If
X 6∈ µ, then, by the property γI , there is an I-sequence {Un}n∈ω in µ. Thus the conditions (i)-(iii)
of Theorem 3.8 are satisfied if we put W0 = X. 
Remark 3.10. By Corollary 3.6, if CI(X,2) is Fre´chet–Urysohn, then also CI(X,2)
ω is a Fre´chet–
Urysohn space. One can ask whether the same is true for sequentiality. In general the answer is
“no”. Indeed, let X be a countable non-locally compact metric space with one non-isolated point.
Then, by Theorem 1.5, the space Ck(X,2) is sequential (and non-Fre´chet–Urysohn). However, the
space Ck(X,2)
ω = Ck(Y,2), where Y =
⊕
ωX, is not sequential by the same Theorem 1.5. 
We finish this section with the following problem.
Problem 3.11. Let X be a zero-dimensional (metric) T1-space such that the space Cp(X,2) is
sequential. (α) Is it true that Cp(X,2) is Fre´chet–Urysohn? (β) Is it true that Cp(X,2)
ω is
sequential?
Of course, by Corollary 3.6, a positive answer to (α) of Problem 3.11 implies a positive answer
to (β) of this problem. However, we conjecture that answers to both questions in Problem 3.11 are
negative.
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4. The k-space property, normality and some cardinal numbers for subspaces of CI(X, Y )
Recall that a topological space X is called a k-space if for each non-closed subset A ⊆ X there
is a compact subset K ⊆ X such that A ∩K is not closed in K. To consider the k-space property
for subspaces of CI(X,Y ) we need two lemmas.
Lemma 4.1. Let Y be a topological space containing a discrete and closed sequence D = {gn}n∈ω ⊆
Y , and let X be a YI-Tychonoff space for some ideal I of compact sets of X. Assume that H is
a relatively DI-Tychonoff subspace of CI(X,Y ) containing the constant function g0. If H is a
k-space, then X has the property ϕI .
Proof. We use the idea of the proof of Theorem 3 in [15]. Suppose for a contradiction that X
does not have the property ϕI . Then there exists an open I-cover η = {ηn : n ∈ ω} of X with
ηn ≤ ηn+1 such that for every I-sequence ξ = {Xn : n ∈ ω}, one can find an m = mξ ∈ ω such that
Xm is not I-covered by ηm. For every n ∈ ω, set
An :=
{
f ∈ H : f−1
(
Y \{gk : k > n}
)
is I-covered by ηn
}
,
and put A :=
⋃
n∈ω An.
We claim that the constant function g0 belongs to A\A and hence A is not closed in H. Indeed,
first we observe that g0 6∈ A since g
−1
0
(
Y \{gk : k > n}
)
= X is not I-covered by ηn for every n ∈ ω
(if X is I-covered by ηm for some m ∈ ω, then X is I-covered by ηn for all n ≥ m since ηm ≤ ηn;
but this contradicts the choice of the cover η, see also Remark 2.2). Let now W =W [g0;F,O]∩H
be a standard neighborhood of g0, where F ∈ I and O is an open neighborhood of g0 ∈ Y . Since
η = {ηn : n ∈ ω} is an open I-cover, there are an l ∈ ω and an open set U ∈ ηl such that F ⊆ U .
As X is YI-Tychonoff and H is a relatively DI-Tychonoff subspace of CI(X,Y ), there exists a
function f ∈ H such that f(F ) = {g0} and f(X\U) = {gl+1}. It is clear that f ∈ Al and f ∈ W .
Thus g0 ∈ A\A.
Let us show that for every n ∈ ω, An is closed in H. Indeed, fix an arbitrary f ∈ H\An. Then
the set Bn := f
−1
(
Y \{gk : k > n}
)
is not I-covered by ηn. Hence there exists an F ∈ I with
F ⊆ Bn such that no member of ηn contains F . Set UF := Y \{gk : k > n} (so UF is open because
the sequence {gn}n∈ω is closed in Y ) and put
W :=W [f ;F,UF ] ∩H.
Then W is an open neighborhood of f . Now, if g ∈W ∩An, then F ⊆ g
−1(UF ) = g
−1(Y \{gk : k >
n}) is I-covered by ηn that contradicts the choice of the set F . Thus W ∩An = ∅ and hence An is
closed in H.
Since H is a k-space, there is a compact subset K of H such that K ∩ A is not closed in K.
As K is compact, for every x ∈ X, the set {f(x) : f ∈ K} is compact in Y . Taking into account
that the sequence {gn}n∈ω is closed and discrete in Y , it follows that for every x ∈ X, there is an
n(x) ∈ ω such that
f(x) ∈ Y \{gk : k > n(x)} for every f ∈ K.
For every n ∈ ω, set Xn := {x ∈ X : n(x) ≤ n}. Then Xn ⊆ Xn+1 and X =
⋃
n∈ωXn. We show
that the sequence ξ = {Xn : n ∈ ω} is also an I-sequence. Indeed, let C ∈ I. Then C is a compact
subset of X and CI(C, Y ) = Ck(C, Y ) because I is an ideal. Now Theorems 2.6.11 and 3.4.3 of
[10] imply that the evaluation map
Ω : Ck(C, Y )× C → Y, Ω(f, x) := f(x),
16
is continuous. Therefore the image Ω(K,C) is a compact subset of Y . Since D is closed and discrete,
there is an r ∈ ω such that n(x) ≤ r for every x ∈ C, i.e. C ⊆ Xr. Thus ξ is an I-sequence as
stated.
The choice of the open I-cover η = {ηn : n ∈ ω} and Remark 2.2 imply that there exists an
m ∈ ω such that Xm is not I-covered by ηn for every n ∈ ω.
We show that K ∩ Ak = ∅ for every natural number k > m. Indeed, fix k > m and let f ∈ Ak.
By the definition of Ak, the set f
−1
(
Y \{gi : i > k}
)
is I-covered by ηk. Since Xm is not I-covered
by ηk, we obtain that
Xm\f
−1(Y \{gi : i > k}) 6= ∅,
i.e. there is a point x ∈ Xm such that f(x) ∈ {gi : i > k > m}. Then the definition of Xm implies
that f 6∈ K. Thus K ∩Ak = ∅.
Now K ∩ A = K ∩
⋃
k∈ω Ak = ∪
m
k=0(K ∩ Ak) is closed in K since all Ans are closed in H. But
this contradicts the choice of K. Thus the space X must have the property ϕI . 
Lemma 4.2. Let Y be a topological space containing a discrete two-element subset D = {g0, g1},
X be a Tychonoff space satisfying the property ϕ, and let H be a subspace of Cp(X,Y ) such that
H ∩ Cp(X,D) is a relatively Dp-Tychonoff subspace of Cp(X,D) and g0 ∈ H. If H is a k-space,
then X satisfies the property γ.
Proof. Since X has the property ϕ, Corollary II.3.6 of [1] implies that X is zero-dimensional.
Observe that the space Cp(X,D) is a closed subspace of Cp(X,Y ), and hence H ∩ Cp(X,D) is
closed in H. Therefore H ∩Cp(X,D) is a k-space as well. Since X has the property ϕ, Proposition
2.1 implies that to prove the lemma it suffices to show that X has the property ε.
Suppose for a contradiction that the property ε is not fulfilled. Then there is an open ω-cover
η of X which does not have a countable ω-subcover. Put
A :=
{
f ∈ H ∩ C(X,D) : f−1(g0) can be ω-covered by a countable subfamily of η
}
.
Now repeating word for word the proof of Theorem 4 of [15], we obtain that H ∩ Cp(X,D) is not
a k-space, a contradiction. Thus X has also the property ε. 
Now we prove the first main result of this section, which applying to H = Cp(X) immediately
yields Gerlits–Nagy–Pytkeev Theorem 1.3.
Theorem 4.3. Let Y be a non-compact metrizable space, and let X be a Y -Tychonoff space. Fix
a closed and discrete sequence D = {gn}n∈ω in Y , and let H be a relatively Dp-Tychonoff subspace
of Cp(X,Y ) containing the constant function g0. Then the following assertions are equivalent:
(i) H is a Fre´chet–Urysohn space;
(ii) H is a sequential space;
(iii) H is a k-space;
(iv) X satisfies the property γ.
Proof. The implications (i)⇒(ii)⇒(iii) are clear. Observe that H ∩ Cp(X, {g0, g1}) is a rela-
tively {g0, g1}p-Tychonoff subspace of Cp(X, {g0, g1}). Now the implication (iii)⇒(iv) follows from
Lemmas 4.1 and 4.2. Finally, the implication (iv)⇒(i) follows from Theorem 3.3. 
Let X be a Tychonoff space and let E be a locally convex space. Recall that we denote by
Cb(X,E) and Crc(X,E) the spaces of all functions f ∈ C(X,E) such that f(X) is a bounded or a
relatively compact subset of E, respectively. We need also the next assertion.
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Proposition 4.4. Let E be a non-trivial locally convex space, X be a topological space, and let
I be an ideal of compact sets of X. Then CbI(X,E) and C
rc
I (X,E) are relatively EI-Tychonoff
subspaces of CI(X,E).
Proof. The proof follows from the proof of (ii) of Proposition 2.9. Indeed, the extension h ◦ g
constructed there belongs to CrcI (X,E) because h◦g(X) is contained in the compact subset h([0, n])
of E. 
Theorem 4.5. Let X be a Tychonoff space, I be an ideal of compact subsets of X, Y be a metrizable
locally convex space, and let E = CI(X,Y ), E = C
b
I(X,Y ) or E = C
rc
I (X,Y ). Then the following
assertions are equivalent:
(i) E is a Fre´chet–Urysohn space;
(ii) E is a sequential space;
(iii) E is a k-space;
(iv) X has the property γI ;
(v) Eλ is Fre´chet–Urysohn (sequential or a k-space) for some λ ∈ (0, ω].
(vi) Eλ is Fre´chet–Urysohn (sequential or a k-space) for every λ ∈ (0, ω].
Proof. The implications (i)⇒(ii)⇒(iii) are clear, and the equivalence (i)⇔(iv) follows from Propo-
sition 4.4 and Theorem 3.3.
(iii)⇒(i) It is well known that there is a linear subspace Y ′ of Y such that Y = F ⊕ Y ′, where
F is the field of Y . Therefore E = CI(X,Y
′) ⊕ CI(X,F) (E = C
b
I(X,Y
′) ⊕ CbI(X,F) or E =
CrcI (X,Y
′)⊕CrcI (X,F)). Then the space CI(X,F) (C
b
I(X,F) or C
rc
I (X,F)) being a closed subspace
of E must be a k-space. If F = C, then CI(X,F) = CI(X)⊕CI(X) and C
b
I(X,F) = C
b
I(X)⊕C
b
I(X),
and hence the space CI(X) (or C
b
I(X)) is a k-space. Now Pytkeev’s Theorem 1.4 implies that the
space CI(X) (or C
b
I(X)) is Fre´chet–Urysohn. Hence, by Proposition 4.4 and Theorem 3.3, the
space X has the property γI . Once again applying Proposition 4.4 and Theorem 3.3, we obtain
that the space E is Fre´chet–Urysohn.
(iv)⇒(v) By Lemma 2.8, the space CI(X,Y )
λ is homeomorphic to CI(Z)(Z, Y ), where Z =⊕
{Xi : Xi = X for each i ∈ λ}. Proposition 2.4 implies that the space Z has the property γI(Z).
Now the equivalence (i)⇔(iv) implies that CI(X,Y )
λ is a Fre´chet–Urysohn space. Therefore, the
subspaces CbI(X,Y )
λ and CrcI (X,Y )
λ of CI(X,Y )
λ are also Fre´chet–Urysohn.
The implication (v)⇒(vi) is clear, and (vi) implies (i) (respectively, (ii) or (iii)) because E is a
closed subspace of Eλ. 
Now we consider the tightness t(H) of a subspace H of CI(X,Y ). Recall that the tightness
t(x,X) at a point x ∈ X of a topological space X is the least infinite cardinality κ such that if x is
in the closure of a subset A of X, then A contains a subset B of cardinality ≤ κ with x ∈ B; the
tightness t(X) of X is the least upper bound of {t(x,X) : x ∈ X}.
Let X be a topological space and let I be an ideal of compact sets in X. Define the I-Lindelo¨f
degree I-Lin(X) of X as the least infinite cardinal κ such that every open I-cover of X has an
I-subcover of cardinality ≤ κ (see [28]). Theorem 4.7.1 of [28] states that t
(
CI(X)
)
= I-Lin(X).
In [37], Pytkeev proved that if Y is a metrizable space, then t(Cp(X,Y )) = ℵ0 if and only if the
Lindelo¨f number l(Xn) of Xn is countable for every n ≥ 1. The next theorem extends these results
and has a similar proof.
Theorem 4.6. Let Y be a metric space containing at least two points, and let X be a YI-Tychonoff
space for some ideal I of compact sets in X. If H is a relatively YI-Tychonoff subspace of CI(X,Y ),
then t(H) = I-Lin(X). In particular, t
(
CI(X,Y )
)
= I-Lin(X).
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Proof. First we show that I-Lin(X) ≤ t(H). To this end, fix two distinct points y, z ∈ Y and let
U be an open I-cover of X (we assume that X 6∈ U). Then for each F ∈ I, there is a UF ∈ U such
that F ⊆ UF . Since X is YI-Tychonoff and H is relatively YI-Tychonoff, for each F ∈ I, choose
an fF ∈ H such that fF (F ) = {y} and fF (X\UF ) = {z}. In particular, the constant function
y belongs to the closure of the family A = {fF : F ∈ I}, and y 6∈ A because UF 6= X. Then
there exists a subfamily B of A with cardinality ≤ t(H), which contains y in its closure. Define
V := {UF : fF ∈ B}. To see that V is an I-subcover of U , let F ∈ I and fix an open neighborhood
V of y such that z 6∈ V . Set W := W [y;F, V ]. Then W is a neighborhood of y, and therefore there
is an fG ∈ B ∩W for some G ∈ V. Now for any x ∈ F , we have fG(x) ∈ V ; while fG(x) = z for
any x ∈ X\UG. Therefore F ⊆ UG, so that V is an I-subcover of U and has cardinality ≤ t(H).
Thus I-Lin(X) ≤ t(H).
Let us prove the reverse inequality t(H) ≤ I-Lin(X). Since Y embeds into a Banach space E,
it follows that H is a subspace of CI(X,E). Therefore it suffices to prove that t
(
CI(X,Y )
)
≤
I-Lin(X), where Y is a Banach space. As the space CI(X,Y ) is homogeneous, it is sufficient to
show that the tightness of CI(X,Y ) at zero function 0 is less than or equal to I-Lin(X). To this
end, let A be a subset of CI(X,Y ) such that 0 ∈ A\A. For every ε > 0, denote by Dε the open
ball of radius ε centered at 0 ∈ Y . For each F ∈ I and a natural number n ≥ 1, choose a function
hn,F ∈ A ∩ [F ;D1/n], and set
W (n,F ) := {x ∈ X : hn,F (x) ∈ D1/n}.
Then for each n ≥ 1, the family Wn := {W (n,F ) : F ∈ I} is an open I-cover of X. So each Wn
has an I-subcover Vn of cardinality ≤ I-Lin(X). Define
A′ := {hn,F : n ≥ 1 and W (n,F ) ∈ Vn}
Clearly, A′ ⊆ A and |A′| ≤ I-Lin(X), and 0 is in the closure of A′ in CI(X,Y ). Thus t
(
CI(X,Y )
)
≤
I-Lin(X) as desired. 
Corollary 4.7. Let X be a Tychonoff space, I be an ideal of compact subsets of X, Y be a metriz-
able locally convex space, and let E = CI(X,Y ), C
b
I(X,Y ) or C
rc
I (X,Y ). Then t(E) = I-Lin(X).
Proof. By Proposition 2.9, the space X is YI-Tychonoff. By Proposition 4.4, the space E is a
relatively YI-Tychonoff subspaces of CI(X,E). Now Theorem 4.6 applies. 
Below we shall use the well-known fact that the Tychonoff product ωω1 of ω1 discrete spaces ω
is not normal (for a more general assertion see [12, Theorem 3.10]).
Proposition 4.8. Let Y be a non-pseudocompact Tychonoff space, X be a Y -Tychonoff space
containing a discrete family U = {Ui}i∈ω1 of open subsets, and let I be an ideal of compact subsets
of X. Then each subspace H of (Y X , τI) consisting of CI(X,Y ) is not normal.
Proof. As Y is not pseudocompact, it contains an infinite, closed and discrete subspace D =
{yn}n∈ω. Since X is Tychonoff by Proposition 2.6, for every i ∈ ω1, choose a point xi ∈ Ui and an
open neighborhood Vi of xi such that Vi ⊆ Ui. For every i ∈ ω1 and n ∈ ω, by Y -Tychonoffness of
X, there is a continuous function fn,i ∈ C(X,Y ) such that
fn,i(xi) = yn and fn,i(X\Vi) = {y0}.
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For every function χ : ω1 → ω, define a function Fχ : X → Y by
Fχ(x) :=

fχ(i),i(x), if x ∈ Vi for some i ∈ ω1,
y0, if x ∈ X\
⋃
i∈ω1
Vi.
Since the family U is discrete, it is easy to see that the function Fχ is continuous.
We claim that the map p : ωω1 → H defined by p(χ) := Fχ is a homeomorphism onto its image
p
(
ωω1
)
⊆ H. Indeed, it is clear that p is a bijection. To prove that p is continuous, fix χ ∈ ωω1
and a standard neighborhood W [p(χ);F ,V] of p(χ) in (Y X , τI), where F is a finite subfamily of
I and V is a corresponding finite family of open sets in Y . Since the family U is discrete, the set
J of all i ∈ ω1 for which the set K ∩ Ui is not empty for some K ∈ F is finite. For every j ∈ J ,
set Wj := {χ(j)} and let W = {Wj : j ∈ J}. Then p
(
W [χ;J,W]
)
⊆ W [p(χ);F ,V]. Thus p is
continuous.
To show that p is also open, let χ ∈ ωω1 and let
W := {η ∈ ωω1 : η(i) = χ(i) if i ∈ F for some finite F ⊆ ω1}
be a standard neighborhood of χ. For every i ∈ F , choose an open neighborhood Oi of Fχ(xi) such
that Oi ∩D = {Fχ(xi)}. Then p(W ) contains the standard neighborhood⋂
i∈F
W
[
Fχ; {xi}, {Oi}
]
∩ p
(
ωω1
)
of Fχ. Thus p is open.
Since the space ωω1 is not normal, to show that also H is not normal it suffices to prove
that p
(
ωω1
)
is closed in H. Fix an arbitrary h ∈ p
(
ωω1
)
. It is clear that h(x) = y0 for every
x ∈ X\
⋃
i∈ω1 Vi. Fix an i ∈ ω1. Since D is closed and discrete in Y it follows that there is an
n(i) ∈ ω such that h(xi) = fn(i),i(xi) = yn(i) ∈ D. Take an open neighborhood Oi of yn(i) such that
Oi∩D = {yn(i)}. Then for every x ∈ Vi and each neighborhood Ox of x, the standard neighborhood
W
[
h; {xi}, {Oi}
]
∩W
[
h; {x}, {Ox}
]
∩ H of h contains only those functions f ∈ p
(
ωω1
)
for which
f(x) = fn(i),i(x). Therefore h↾Vi = fn(i),i↾Vi . Hence h = Fχ, where χ ∈ ω
ω1 is defined by χ(i) = n(i)
for all i ∈ ω1. Thus p
(
ωω1
)
is closed in H. 
Remark 4.9. In Proposition 4.8 the assumption on Y to be non-pseudocompact is essential. In-
deed, let Y = [0, 1] and X =
⋃
i∈ω1 Si be the topological sum of countable compact spaces Si. It
follows from Proposition 5.10 below that B1(X,Y ) =
∏
i∈ω1 Y
Si = Y X , and hence B1(X,Y ) is a
compact space. However, if we consider the case H = CI(X,Y ), then the space H is still not
normal because all spaces CI(Si, Y ) contain infinite, closed and discrete subspaces, see Lemma 1
of [33]. 
To prove the next proposition we need the following mild extension property.
Definition 4.10. Let X and Y be topological spaces, and let I be an ideal of compact subsets in
X. We say that X has the YI-extension property if for every F ∈ I and each f ∈ C(F, Y ) there is
an f¯ ∈ C(X,Y ) such that f¯↾F = f . 
Let X be a Tychonoff space. As usual we denote by w(X) and d(X) the weight of X and the
density of X, respectively.
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Proposition 4.11. Let Y be a Hausdorff topological space containing at least two points, and let
X be a YIX -Tychonoff space for some ideal IX of compact subsets in X. Let S be a YIS -Tychonoff
space for some ideal IS of compact subsets in S such that
(a) there is a continuous bijection φ from X onto S such that φ(IX) ⊆ IS;
(b) S has the Yφ(IX )-extension property.
Then d
(
CIX (X,Y )
)
≤ d
(
CIS (S, Y )
)
.
Proof. It is sufficient to show that if D is a dense subset of CIS (S, Y ), then φ
∗(D) is dense in
CIX (X,Y ), where φ
∗ : CIS (S, Y ) → CIX (X,Y ), φ
∗(f) := f ◦ φ, is the adjoint map of φ. Fix an
f ∈ CIX (X,Y ) and its standard neighborhood W [f ;F ,U ], where F ⊆ IX is finite. Then the
bijectivity of φ and (b) imply that there is an h ∈ CIS(S, Y ) such that h↾
⋃
F = f↾
⋃
F . Take g ∈ D
such that g ∈ W [h;F ,U ] ⊆ CIS(S, Y ). It is clear that φ
∗(g) = g ◦ φ ∈ W [f ;F ,U ]. Thus φ∗(D) is
dense in CIX (X,Y ) and hence d
(
CIX (X,Y )
)
≤ d
(
CIS (S, Y )
)
. 
The weak weight ww(X) of a Tychonoff space X is the least infinite cardinality of w(Z) of a
Tychonoff space Z such that there is a continuous bijection from X onto Z, see [28]. Analogously
we define
Definition 4.12. Let X and Y be topological spaces, and let I be an ideal of compact subsets
in X such that X has the YI-extension property. The YI-weak weight of X (for short YI-ww(X))
is the least infinite cardinality of w(Z) of a Y -Tychonoff space Z such that there is a continuous
bijection φ from X onto Z and Z has the Yφ(I)-extension property. 
For the sake of simplicity we set Yp-ww(X) := YF(X)-ww(X) and Yk-ww(X) := YK(X)-ww(X).
Lemma 4.13. (i) Every Y -Tychonoff space X has the YF(X)-extension property.
(ii) Each Tychonoff space X has the RI-extension property for every ideal I of compact subsets
of X.
(iii) Let I be an ideal of compact subsets of a Tychonoff space X. Then RI-ww(X) = ww(X).
(iv) ww(X) ≤ YI-ww(X) for every Tychonoff space Y and each ideal I of compact subsets of a
Y -Tychonoff space X with the YI-extension property.
(v) If X is a Y -Tychonoff (for example, Y -z-Tychonoff) compact space, then Yp-ww(X) = w(X).
Proof. (i) follows from definitions, (ii) follows from [16, 3.11(c)], and (iii) follows from (ii). Finally,
(iv) follows from (ii) and the fact that every Y -Tychonoff space is Tychonoff, see Proposition 2.6.
(v) Recall that, by Proposition 2.13, every Y -z-Tychonoff space is Y -Tychonoff. By (i), X has the
YF(X)-extension property. Since every continuous bijection of a compact space is a homeomorphism,
by Definition 4.12, we have Yp-ww(X) = w(X). 
Taking into account Lemma 4.13, for Y = R, the next assertion is proved in Theorem 4.2.1 of
[28].
Proposition 4.14. Let Y be a Hausdorff topological space containing at least two points, and let
X be a YIX -Tychonoff space for some ideal IX of compact subsets in X. If X has the YIX -extension
property, then
(i) d(Y ) ≤ d
(
CIX (X,Y )
)
≤ YI-ww(X) · w(Y );
(ii) ww(X) ≤ w(Y ) · d
(
CIX (X,Y )
)
.
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Proof. (i) First we show that d
(
CIX (X,Y )
)
≤ YI-ww(X) · w(Y ). To this end, let φ : X → Z
be a continuous bijection, where Z is a Y -Tychonoff space with the Yφ(IX)-extension property and
such that w(Z) = YI-ww(X). For simplicity, set IZ := φ(IX) (so IZ is an ideal of compact sets
in Z). By Proposition 4.11, it suffices to show that d
(
CIZ (Z, Y )
)
≤ w(Z) · w(Y ). Choose an open
base BZ for Z which is closed under taking finite unions and such that |BZ | = w(Z), and let BY
be an open base of Y such that |BY | = w(Y ). For every finite subfamilies U = {U1, . . . , Un} ⊆ BZ
and V = {V1, . . . , Vn} ⊆ BY , choose (if this is possible) a function fU ,V ∈ C(Z, Y ) such that
fU ,V(Ui) ⊆ Vi for every i = 1, . . . , n (i.e., fU ,V ∈ [U ;V]). Set
D := {fU ,V : U ⊆ BZ and V ⊆ BY are finite}.
By construction, |D| ≤ w(Z) · w(Y ). We show that D is dense in CIZ (Z, Y ). Indeed, let
f ∈ CIZ (Z, Y ) and let W [f ;F ,V] be a basic open neighborhood of f in CIZ (Z, Y ), where F =
{F1, . . . , Fn} ⊆ I(Z) and V = {V1, . . . , Vn} is a finite family of open sets in Y . Since f is contin-
uous and BZ is closed under taking finite unions, for every i = 1, . . . , n, there is an open Ui ∈ BZ
such that Fi ⊆ Ui and f(Ui) ⊆ Vi. Therefore, the set [U ;V] is not empty. It is clear that
fU ,V ∈ [U ;V] ⊆W [f ;F ,V], and hence D is dense in CIZ (Z, Y ). Thus d
(
CIZ (Z, Y )
)
≤ w(Z) ·w(Y ).
To prove the inequality d(Y ) ≤ d
(
CIX (X,Y )
)
, fix a dense subset R of CIX (X,Y ) such that
|R| = d
(
CIX (X,Y )
)
. Take an arbitrary x0 ∈ X and put DY := {f(x0) : f ∈ R}. Then DY is
dense in Y since, otherwise, there would be an open subset U of Y such that U ∩ DY = ∅. But
then the open subset [{x0};U ] of CIX (X,Y ) is nonempty (since it contains the constant function
y for every y ∈ U) and does not contain elements of the dense family R, a contradiction. Thus
d(Y ) ≤ |DY | ≤ |R| = d
(
CIX (X,Y )
)
.
(ii) As above, let R be a dense subset of CIX (X,Y ) of cardinality d
(
CIX (X,Y )
)
. Define a map
T : X → Y R by T (x) :=
(
f(x)
)
f∈R
, where Y R is endowed with the product topology. Clearly, T
is continuous. Since X is YIX -Tychonoff and Y is Hausdorff, the family R separates the points of
X, and hence T is also one-to-one. Therefore,
ww(X) ≤ w
(
T (X)
)
≤ w(Y ) · |R| = w(Y ) · d
(
CIX (X,Y )
)
.
Corollary 4.15. Let Y be a separable metric space containing at least two points and let X be
Y -Tychonoff space. Then ww(X) ≤ d
(
Cp(X,Y )
)
≤ Yp-ww(X). In particular, if X is compact,
then d
(
Cp(X,Y )
)
= w(X).
Proof. The first inequality ww(X) ≤ d
(
Cp(X,Y )
)
follows from (ii) of Proposition 4.14. The
second inequality d
(
Cp(X,Y )
)
≤ Yp-ww(X) follows from Lemma 4.13(i), Proposition 4.14(i) and
the fact w(Y ) = ℵ0. Finally, if additionally X is compact, the last assertion follows from (v) of
Lemma 4.13 and the trivial fact that ww(X) = w(X). 
Lemma 4.13(iii) and Proposition 4.14 immediately imply the next result which is also proved in
Theorem 4.2.1 of [28].
Corollary 4.16. If X is a Tychonoff space and I is an ideal of compact subsets of X, then
d
(
CI(X)
)
= ww(X).
5. Topological properties of spaces of Baire functions
Recall that the cellularity c(X) of a topological space X is the minimal infinite cardinal κ such
that every disjoint family of open sets in X has cardinality less than or equal to κ. Denote by
ψ(x,X) and ψ(X) the pseudocharacter of X at a point x ∈ X and the pseudocharacter of X,
respectively. We shall use the following results.
22
Proposition 5.1. Let Z be a Tychonoff P -space. If ψ(Z) > ℵ0, then c(Z) > ℵ0. In particular, if
X is a Tychonoff space such that ψ(Xℵ0) > ℵ0, then c(Xℵ0) > ℵ0.
Proof. Fix a point z ∈ Z in which the pseudocharacter ψ(z, Z) of Z is uncountable. We construct
an uncountable family of pairwise disjoint open sets in Z by transfinite induction. For i = 0, set
V0 := Z. Choose a clopen neighborhood V1 of z such that V0\V1 6= ∅ and set U1 := V0\V1. Assume
that for every countable ordinal α and each i < α we have constructed a family {Vi}i<α of clopen
neighborhoods of z and a disjoint family {Ui}i<α of clopen subsets of Z such that
Ui ⊆
⋂
j<i
Vj\Vi
for every i < α. Since Z is a P -space, the set W :=
⋂
j<α Vj is an open neighborhood of z. As
ψ(z, Z) > ℵ0, there is a clopen neighborhood Vα ⊆ W of z such that W\Vα 6= ∅. Choose a clopen
nonempty subset Uα of W\Vα. It is clear that the uncountable family {Ui : i < ω1} is disjoint.
Thus c(Z) > ℵ0.
The last assertion follows from the fact that Xℵ0 is a P -space. 
Corollary 5.2. Let X be a Tychonoff space. Then:
(i) If ψ(Xℵ0) = ℵ0 (for example ψ(X) = ℵ0), then Xℵ0 is discrete.
(ii) c(Xℵ0) = ℵ0 if and only if X is countable.
Proof. (i) immediately follows from the fact that Xℵ0 is a P -space.
(ii) Assume that Xℵ0 has countable cellularity. Then, by Proposition 5.1, ψ(Xℵ0) = ℵ0 and
hence, by (i), Xℵ0 is discrete. But since c(Xℵ0) = ℵ0 it follows that X is countable.
Conversely, if X is countable, then the equality c(Xℵ0) = ℵ0 holds trivially. 
Let X and Y be topological spaces. Define B(X,Y ) :=
⋃
α∈ω1 Bα(X,Y ). A function f : X → Y
is called Baire if f ∈ B(X,Y ). If Y = R, set B(X) := B(X,R). If X is Tychonoff, it is easy to see
that every function f ∈ B(X) is continuous in the Baire topology. We shall use the following easy
assertion which allows us to reduce the study of topological properties of the corresponding spaces
of Baire functions to topological properties of spaces of continuous functions.
Proposition 5.3. Let Y be a topological space, and let X be a Tychonoff space. Then the adjoint
map i∗ of the identity mapping i : Xℵ0 → X is an embedding of B(X,Y ) into Cp(Xℵ0 , Y ).
Proof. Clearly, the adjoint map i∗ : Y X → Y Xℵ0 , i∗(f) = f ◦ i, is a topological isomorphism
and i∗
(
Cp(X,Y )
)
⊆ Cp(Xℵ0 , Y ). Since X is Tychonoff, the space Xℵ0 is a P -space. Therefore the
pointwise limit of a sequence of continuous functions in Cp(Xℵ0 , Y ) is continuous. Thus, by the
definition of B(X,Y ), the map i∗ is an embedding. 
Besides the classes Bα(X,Y ) we shall consider also the stable Baire-α classes B
st
α (X,Y ) of
functions, which were introduced and studied by Csa´sza´r and Laczkovich [9]. Set Bst0 (X,Y ) :=
Cp(X,Y ). We say that a sequence {fn}n∈ω ⊆ Y
X stably converges to a function f ∈ Y X if for
every x ∈ X the set {n ∈ ω : fn(x) 6= f(x)} is finite. Then the class B
st
1 (X,Y ) is defined as
the family of all functions from Y X which are limits of stably convergent sequences of continuous
functions. For every countable ordinal α > 1, denote by Bstα (X,Y ) ⊆ Y
X the family of all functions
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f : X → Y which are pointwise limits of function sequences from
⋃
β<αB
st
β (X,Y ). Functions in
the family Bstα (X,Y ) are called the functions of stable Baire-α class. It is clear that
Cp(X,Y ) ⊆ B
st
α (X,Y ) ⊆ Bα(X,Y ) ⊆ B(X,Y )
for every countable ordinal α. Note that the inclusion Bst1 (X,Y ) ⊆ B1(X,Y ) can be strict. If
Y = R, set Bst1 (X) := B
st
1 (X,R). For a function f : X → Y , we set
σ(f) :=
{
h ∈ Y X : the set {x ∈ X : h(x) 6= f(x)} is finite
}
.
It is very useful to know concrete constructions of Baire one functions. The following lemma
extends Lemmas 3.3 and 3.4 of [12].
Lemma 5.4. Let Y be a metric space containing at least two points, and let X be an infinite Y -
Tychonoff space of countable pseudocharacter. Let {Un}n<N , 0 < N ≤ ∞, be a disjoint family
of open subsets of X and let xn ∈ Un for every n < N . Then, for every g0, g1, . . . , gN ∈ Y , the
function
f(x) :=
{
gn, if x = xn for some n < N,
gN , if x ∈ X \ {xn : n < N}
belongs to Bst1 (X,Y ). In particular, σ
(
g
)
⊆ Bst1 (X,Y ) for every g ∈ Y .
Proof. We prove the lemma only for the case N = ω. For every n ∈ ω, choose a decreasing
sequence {Vk,n : k ∈ ω} of open neighborhoods of xn such that V0,n ⊆ Un and
⋂
k∈ω Vk,n = {xn}.
Since X is Y -Tychonoff, for every k ∈ ω, there is a function fk ∈ C(X,Y ) such that
fk(xi) = gi for i = 0, . . . , k, and fk
(
X\
k⋃
i=0
Vk,i
)
⊆ {gω}.
Now the choice of the open sets Vk,n easily implies that the sequence {fk}k∈ω stably converges to
f . 
Remark 5.5. The condition on {Un}n∈ω to be disjoint in Lemma 5.4 is essential. Indeed, consider
X = Y = R, gi = 1 for all finite i and gω = 0, and let {xn : n ∈ ω} be an enumeration of the rational
numbers. Then the function f (= the Dirichlet function) does not belong to B1(X) because it does
not have points of continuity. 
Lemma 5.6. Let Y be a normal space containing at least two points, and let X be a Y -z-Tychonoff
space. Then for every disjoint zero-sets F1, . . . , Fn in X and each points y0, . . . , yn ∈ Y there exists
a function f ∈ Bst1 (X,Y ) such that f
(
X\
⋃n
i=1 Fi
)
⊆ {y0} and f(Fi) = {yi} for every i = 1, . . . , n.
Proof. Since the set F :=
⋃n
i=1 Fi is a zero-set in X, there is a t ∈ C(X) such that F = t
−1(0).
Therefore the setX\F =
⋃
n∈ω Sn, where Sn = {x ∈ X : |t(x)| ≥
1
n+1}, is the union of the increasing
sequence {Sn}n∈ω of zero-sets in X. Since Sn ∩ F = ∅, the Y -z-Tychonoffness of X implies that
there is an fn ∈ C(X,Y ) such that fn(Sn) ⊆ {y0} and fn(Fi) = {yi} for every i = 1, . . . , n. It is
clear that fn stably converges to the function f . 
The following lemma plays a crucial role in the proofs of the main results of this section.
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Lemma 5.7. Let Y be a Tychonoff space of countable pseudocharacter containing at least two
points, and let X be a Y -Tychonoff space. Assume that A = {a1, . . . , an} is a subset of a zero-set F
in X, h : A → Y is a function and y0 ∈ Y . Let h(A) := {y1, . . . , yk} with distinct y1, . . . , yk ∈ Y .
Then there exist disjoint zero-sets Z1, . . . , Zk in X and a function f ∈ B
st
1 (X,Y ) such that
(i) for every j = 1, . . . , n, there is an ij ∈ {1, . . . , k} such that aj ∈ Zij ;
(ii)
⋃k
i=1 Zi ⊆ F and f(Zi) = {yi} for every i = 1, . . . , k;
(iii) f
(
X\
⋃k
i=1 Zi
)
⊆ {y0} and f↾A = h.
Moreover, if A = {a}, then there is a sequence {fn}n∈ω ⊆ C(X,Y ) such that fn(a) = h(a) for all
n ∈ ω and
⋂
n∈ω f
−1
n
(
h(a)
)
⊆ F .
Proof. We shall use the following fact: a Tychonoff space has countable pseudocharacter if and
only if each its point is a zero-set. So {y} is a zero-set in Y for each y ∈ Y .
Set F0 := F . Then, as in the proof of Lemma 5.6, X\F0 =
⋃
n∈ω Sn,0, where {Sn,0}n∈ω is an
increasing sequence of zero-sets in X. Since X is Y -Tychonoff, there is a function f0 ∈ C(X,Y )
such that f0↾A = h and f0(S0,0) ⊆ {y0}.
For every i = 1, . . . , k, set F i0 := F0 ∩ f
−1
0
(
yi
)
. Since {yi} is a zero-set in Y and y1, . . . , yk
are distinct, it follows that the sets F 10 , . . . , F
k
0 are disjoint zero-sets in X, and hence the set
F1 :=
⋃k
i=1 F
i
0 is also a zero-set in X. Clearly, A ⊆ F1 ⊆ F and f0(F
i
0) = {yi} for every i = 1, . . . , k.
Then X\F1 =
⋃
n∈ω Sn,1, where {Sn,1}n∈ω is an increasing sequence of zero-sets in X. Since X is
Y -Tychonoff, there is a function f1 ∈ C(X,Y ) such that f1↾A = h and f1(S1,0 ∪ S0,1) ⊆ {y0}.
For every i = 1, . . . , k, set F i1 := F
i
0 ∩ f
−1
1
(
yi
)
. Since {yi} is a zero-set in Y and y1, . . . , yk
are distinct, it follows that the sets F 11 , . . . , F
k
1 are disjoint zero-sets in X, and hence the set
F2 :=
⋃k
i=1 F
i
1 is also a zero-set in X. Clearly, A ⊆ F2 ⊆ F1 and f1(F
i
1) = {yi} for every i = 1, . . . , k.
Then X\F2 =
⋃
n∈ω Sn,2, where {Sn,2}n∈ω is an increasing sequence of zero-sets in X. Since X is
Y -Tychonoff, there is a function f2 ∈ C(X,Y ) such that f2↾A = h and
f2(S2,0 ∪ S1,1 ∪ S0,2) ⊆ {y0}.
Proceeding by induction, for every t ∈ ω, we construct disjoint zero-sets F 1t , . . . , F
k
t in X and a
function ft ∈ C(X,Y ) such that
(a) F i0 ∩ F
j
0 = ∅ for all distinct i, j ∈ {1, . . . , k};
(b) X\
⋃k
i=1 F
i
t =
⋃
n∈ω Sn,t, where {Sn,t}n∈ω is an increasing sequence of zero-sets in X;
(c) F it+1 = F
i
t ∩ f
−1
t+1
(
yi
)
for every i = 1, . . . , k;
(d) ft↾A = h and A ⊆
⋃k
i=1 F
i
t ⊆ F ;
(e) ft
(
St,0 ∪ St−1,1 ∪ · · · ∪ S0,t) ⊆ {y0}.
For every i = 1, . . . , k, set Zi :=
⋂
t∈ω F
i
t . It is clear that Zi is a zero-set in X and, by (a) and
(c), the sets Z1, . . . , Zk are disjoint. By (d), for every j = 1, . . . , n, there is an ij ∈ {1, . . . , k} such
that aj ∈ Zij . This proves (i). Also, by (d),
⋃k
i=1 Zi ⊆ F .
If x ∈ Zi for some i = 1, . . . , k, then (c) implies that ft(x) = yi for all t ≥ 1. If x ∈ X\
⋃k
i=1 Zi,
(c) implies that there is a tx ∈ ω such that x ∈ X\
⋃k
i=1 F
i
tx and hence, by (b), there is an nx ∈ ω
such that x ∈ Snx,tx . Therefore, for every t > nx + tx, (b) implies Snx,tx ⊆ St−tx,tx and hence,
by (e), we have ft(x) = y0. Thus the sequence {ft} stably converges to a function f ∈ B
st
1 (X,Y )
which satisfies (ii) and (iii). The equality f↾A = h follows from (d).
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To prove the last assertion, assume that A = {a}. Choose y0 ∈ Y such that y0 6= h(a). By
construction, X\F =
⋃
n∈ω Sn,0, where Sn,0 ⊆ Sn+1,0 for all n ∈ ω. Now, (e) implies fn
(
Sn,0
)
⊆
{y0}, and hence f
−1
n
(
h(a)
)
⊆ X\f−1n (y0) ⊆ X\Sn,0 for every n ∈ ω. Therefore⋂
n∈ω
f−1n
(
h(a)
)
⊆
⋂
n∈ω
X\Sn,0 = X\
⋃
n∈ω
Sn,0 = X\(X\F ) = F.
Finally, by (d), fn(a) = h(a) holds for every n ∈ ω. 
The next proposition gives examples of spaces X for which τY = τb.
Proposition 5.8. Let Y be a perfectly normal space containing at least two points, and let X be a
Y -Tychonoff space. Then:
(i) τY = τb, i.e. XY = Xℵ0 .
(ii) Xℵ0 is a Y -Tychonoff space.
Proof. (i) To prove that τY ≤ τb it is sufficient to show that every set of the form f
−1(F ),
where F is a closed set in Y and f ∈ C(X,Y ), is a zero-set in X. Since Y is perfectly normal,
there is a function h ∈ C(Y ) such that F = h−1(0). Setting g := h ◦ f ∈ C(X) we obtain that
f−1(F ) = g−1(0) is a zero-set in X.
To show the converse inclusion τY ≥ τb, fix two distinct points a, b ∈ Y . Let F be a zero-set of
X and let x be any point of F . Applying Lemma 5.7 to A = {x}, y0 = b and h : A→ Y defined by
h(x) = a, we can find a sequence {fn}n∈ω ⊆ C(X,Y ) such that
fn(x) = a (n ∈ ω) and x ∈
⋂
n∈ω
f−1n (a) ⊆ F.
As the set {a} is closed in Y and Y is perfectly normal, it follows that f−1n (a) ∈ ZY . Therefore⋂
n∈ω f
−1
n (a) ∈ τY . Since x was arbitrary we obtain F ∈ τY . Thus τY ≥ τb.
(ii) Let A = {a1, . . . , an} be a finite subset of Xℵ0 , D be a closed subset of Xℵ0 such that
D ⊆ X\A, h : A→ Y be a function, and let y0 ∈ Y . Since X is Tychonoff by Proposition 2.6, there
are disjoint zero-sets S1, . . . , Sn in X such that ai ∈ Si and Si ⊆ X\D for every i = 1, . . . , n. Setting
F :=
⋃n
i=1 and applying Lemma 5.7, one can find a zero-set S in X and a function f ∈ B
st
1 (X,Y )
such that A ⊆ S ⊆
⋃n
i=1 Si, f↾A = h and f(X\S) ⊆ {y0}. Since B
st
1 (X,Y ) ⊆ Cp(Xℵ0 , Y ) (see
Proposition 5.3), we obtain that Xℵ0 is a Y -Tychonoff space. 
Recall some of the most important types of local networks in a topological space. For historical
remarks and numerous results related to generalized metric space theory we referee the reader to
[18] or [13]. A family N of subsets of a topological space X is
• a network at a point x ∈ X if for each neighborhood Ox of x there is a set N ∈ N such that
x ∈ N ⊆ Ox; N is a network in X if N is a network at each point x ∈ X.
• a cs∗-network at a point x ∈ X if for each sequence (xn)n∈N in X converging to x and
for each neighborhood Ox of x there is a set N ∈ N such that x ∈ N ⊆ Ox and the set
{n ∈ N : xn ∈ N} is infinite; N is a cs
∗-network in X if N is a cs∗-network at each point
x ∈ X.
• a cn-network at a point x ∈ X if for each neighborhood Ox of x the set
⋃
{N ∈ N : x ∈ N ⊆
Ox} is a neighborhood of x; N is a cn-network in X if N is a cn-network at each point x ∈ X.
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• a ck-network at a point x ∈ X if for any neighborhood Ox of x there is a neighborhood Ux of
x such that for each compact subset K ⊆ Ux there exists a finite subfamily F ⊆ N satisfying
x ∈
⋂
F and K ⊆
⋃
F ⊆ Ox; N is a ck-network in X if N is a ck-network at each point
x ∈ X.
• a cp-network at a point x ∈ X if either x is an isolated point of X and {x} ∈ N , or for each
subset A ⊂ X with x ∈ A \A and each neighborhood Ox of x there is a set N ∈ N such that
x ∈ N ⊆ Ox and N ∩A is infinite; N is a cp-network in X if N is a cp-network at each point
x ∈ X.
To unify notations we call a network (at a point x of) X by 0-network.
Notation 5.9. If N is either a cp-, ck-, cn-, cs∗-network or network (at a point x) in a topological
space X, we will say that N is an n-network (at x). Set N = {cp, ck, cn, cs∗, 0}.
Let X be a topological space. Recall that a collection N of subsets of X is said to be locally
finite, if each point in the space has a neighborhood that intersects only finitely many of the sets in
N ; and N is called σ-locally finite if it is the union of a countable family of locally finite collections
of subsets of X. For n ∈ N, the space X
• is an n-σ-space if X has a σ-locally finite n-network;
• has countable n-character if X has a countable n-network at each point x ∈ X.
So cp-σ-spaces are P-spaces, cs∗-σ-spaces are ℵ-spaces, and 0-σ-spaces are σ-spaces, see [13]. Recall
also that X is called a cosmic space (an ℵ0-space or a P0-space) if it is regular and has a countable
network (resp. a countable k- or cp-network).
Below we shall use repeatedly the following assertion.
Proposition 5.10 ([4]). If X is a countable functionally Hausdorff space, then
Bst1 (X,Y ) = B1(X,Y ) = Y
X
for any topological space Y .
Theorem 5.11. Let Y be a perfectly normal space containing at least two points, X be a Y -
Tychonoff space, n ∈ N, and let H be a subspace of B(X,Y ) containing Bst1 (X,Y ). Then H is an
n-σ-space if and only if X is countable and Y is an n-σ-space. In this case H = Y X .
Proof. Assume that H is an n-σ-space. First we show that X is countable. To this end, observe
that every n-σ-space is a σ-space. Fix two distinct points a, b ∈ Y . Let us prove that Xℵ0 has
countable cellularity. Suppose for a contradiction that c(Xℵ0) is uncountable. Then there is an
uncountable disjoint family V = {Vi : i ∈ I} of zero-sets in X. By Lemma 5.7, for every i ∈ I there
exist a zero-set Zi ⊆ Vi in X and a function fi ∈ B
st
1 (X,Y ) ⊆ H such that
fi(Zi) = {b} and fi(X\Zi) = {a}.
Set K := {fi : i ∈ I} ∪ {a}. Since the family V is disjoint, any standard neighborhood W [a;F,U ]
of the constant function a contains all but finitely many functions from K. Therefore, K is a
compact subset of H. Observe also that K does not have countable base at a because the set I
is uncountable. Hence K is not metrizable. Since every compact subset of a σ-space is metrizable
([18, Corollary 4.7]), we obtain that H is not a σ-space. This contradiction shows that c(Xℵ0) = ℵ0.
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Since c(Xℵ0) = ℵ0, (ii) of Corollary 5.2 implies that X is countable. Now Proposition 5.10
implies that Bst1 (X,Y ) = Y
X . Therefore H = Y X . Thus Y is an n-σ-space, see Corollary 5.6 of
[13].
Conversely, assume that X is countable and Y is an n-σ-space. Then, by Proposition 5.10,
H = Y X and hence H is an n-σ-space by Corollary 5.6 of [13]. 
Theorem 5.12. Let Y be a perfectly normal space containing at least two points, X be a Y -
Tychonoff space, n ∈ {cp, ck, cs∗}, and let H be a subspace of B(X,Y ) containing Bst1 (X,Y ). Then
H has countable n-character if and only if X is countable and Y has countable n-character. In this
case H = Y X .
Proof. Assume that H has countable n-character. First we show that X is countable. To this
end, observe that in all cases X has countable cs∗-character. Now we prove that Xℵ0 has countable
cellularity. Suppose for a contradiction that c(Xℵ0) is uncountable. Consider the compact subset
K of H defined in the proof of Theorem 5.11. Then also K being a subspace of H has countable
cs∗-character. However, by Proposition 9 of [5], the cs∗-character of K is uncountable. This
contradiction shows that c(Xℵ0) = ℵ0.
Since c(Xℵ0) = ℵ0, (ii) of Corollary 5.2 implies thatX is countable. Now Proposition 5.10 implies
that Bst1 (X,Y ) = Y
X . Therefore H = Y X . Thus Y has countable n-character, see Corollary 5.5 of
[13].
Conversely, assume that X is countable and Y has countable n-character. Then, by Proposition
5.10, H = Y X , and hence H has countable n-character by Corollary 5.5 of [13]. 
Theorems 5.11 and 5.12 immediately imply
Corollary 5.13. Let Y be a metric space containing at least two points, X be a Y -Tychonoff
space, and let H be a subspace of B(X,Y ) containing Bst1 (X,Y ). Then the following assertions are
equivalent:
(i) H is metrizable and H = Y X ;
(ii) H is a σ-space;
(iii) H has countable cs∗-character;
(iv) X is countable.
Corollary 5.14. Let Y be a metric space containing at least two points, X be a Y -Tychonoff space,
and let H be a subspace of B(X,Y ) containing Bst1 (X,Y ). Then H is a cosmic space if and only if
X is a countable Tychonoff space and Y is separable. Consequently, H = Y X is a separable meric
space and therefore H is a P0-space.
Proof. Assume that H is cosmic. Then, by Corollary 5.13, X is countable and H = Y X is a
metric space. Being cosmic the space H and hence also Y must be separable. Conversely, if X is
countable and Y is separable, then Corollary 5.13 implies that H = Y X . Therefore H is separable
and metrizable. Thus H is a P0-space and hence cosmic. 
To obtain the Fre´chet–Urysohness of spaces of Baire function we need the next proposition.
Proposition 5.15. Let Y be a perfectly normal space containing at least two points, X be a Y -
Tychonoff space, D be a finite subset of Y , and let H be a subspace of B(X,Y ) containing Bst1 (X,Y ).
Then H considered as a subspace of Cp(Xℵ0 , Y ) has the following property:
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(i) H ∩ Cp(Xℵ0 ,D) is a relatively Dp-Tychonoff subspace of Cp(Xℵ0 ,D).
Proof. Since X is Tychonoff (see Proposition 2.6), Proposition 5.3 implies that H is a subspace
of Cp(Xℵ0 , Y ). So it suffices to prove that B
st
1 (X,Y ) satisfies (i).
Fix a closed subset A of Xℵ0 , a point y0 ∈ D and a function f : F → D defined on a finite subset
F = {x1, . . . , xn} of X \ A. Since X is Tychonoff, there are disjoint zero-sets V1, . . . , Vn in X such
that xi ∈ Vi for every i = 1, . . . , n. Choose a zero-set V in X such that F ⊆ V and V ∩ A = ∅.
For every i = 1, . . . , n, set Ui := Vi ∩ V . Then U1, . . . , Un are disjoint zero-sets in X such that
A ∩ Ui = ∅ and xi ∈ Ui for every i = 1, . . . , n. By Lemma 5.7, there exist a zero-set Z in X and a
function f¯ ∈ Bst1 (X,Y ) ⊆ Cp(Xℵ0 , Y ) such that F ⊆ Z ⊆
⋃n
i=1 Ui and
f¯↾F = f, f¯(X\Z) ⊆ {y0} and f¯(X) ⊆ {y0} ∪ f(F ) ⊆ D.
Taking into account that A ⊆ X\Z, we obtain that f¯ is a desired extension of f . 
Theorem 5.16. Let Y be a metrizable space containing at least two points, X be a Y -Tychonoff
space, and let H be a subspace of B(X,Y ) containing Bst1 (X,Y ). Then the following assertions are
equivalent:
(i) H is a Fre´chet–Urysohn space;
(ii) H is a sequential space;
(iii) H has countable tightness;
(iv) Xℵ0 is a Lindelo¨f space;
(v) Xℵ0 has the property γ.
Moreover, if X is scattered, then (i)-(v) are equivalent to
(vi) X is a Lindelo¨f space.
Proof. The implications (i)⇒(ii)⇒(iii) are clear.
(iii)⇒(iv) Let ξ = {Vi : i ∈ I} be an open cover of Xℵ0 . By the definition of the Baire topology
τb, we can assume that all Vi are zero-sets in X. Moreover we can assume that ξ is closed under
taking finite unions. Fix two distinct points a, b ∈ Y . By Lemma 5.7, for every i ∈ I and each
finite subset F ⊆ Vi there are a zero-set Zi,F and a function fi,F ∈ B
st
1 (X,Y ) ⊆ H such that
Zi,F ⊆ Vi, fi,F (Zi,F ) = {a} and fi,F (X\Zi,F ) = {b}. (5.1)
Since the cover ξ is closed under taking finite unions, the constant function a belongs to the
closure of the family F = {fi,F : i ∈ I, F ∈ [Vi]
<ω}. As H has countable tightness, there is a
sequence S = {fin,Fn : n ∈ ω} in F such that a ∈ S. Set X0 :=
⋃
n∈ω Vin . We claim that X0 = X.
Indeed, assuming the converse we can find a point z ∈ X\X0. Then, by (5.1), fin,Fn(z) = b for
every n ∈ ω. Choose an open neighborhood U of a such that b 6∈ U . Then W [a; {z}, U ] ∩ S = ∅
that contradicts the inclusion a ∈ S. Thus X0 = X and hence Xℵ0 is Lindelo¨f.
(iv)⇒(v) Since Xℵ0 is a P -space and Lindelo¨f, the Galvin lemma [14] implies that Xℵ0 has the
property γ.
(v)⇒(i) First we note that the space Xℵ0 is Y -Tychonoff by Proposition 5.8. Since Xℵ0 has the
property γ, Theorem 3.3 implies that the space Cp(Xℵ0 , Y ) is Fre´chet–Urysohn. AsH ⊆ B(X,Y ) ⊆
Cp(Xℵ0 , Y ) it follows that also H is a Fre´chet–Urysohn space.
Finally, if X is scattered, then (iv) and (vi) are equivalent by a result of Uspenski˘ı (see the proof
of Lemma II.7.14 of [1]) which states that a scattered space X is Lindelo¨f if and only if Xℵ0 is
Lindelo¨f. 
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Corollary 5.17. Let Y be a metrizable space containing at least two points, X be a Y -Tychonoff
space, and let H be a subspace of B(X,Y ) containing Bst1 (X,Y ). Then the following assertions are
equivalent:
(i) Hk is Fre´chet–Urysohn for each k ∈ (0, ω];
(ii) Hk is a sequential space for each k ∈ (0, ω];
(iii) Hk has countable tightness for each k ∈ (0, ω];
(iv) Xℵ0 has the property γ.
(v) Hk is Fre´chet–Urysohn (sequential or has countable tightness) for some k ∈ (0, ω].
Proof. The implications (i)⇒(ii)⇒(iii) and (i)⇒(v) ((ii)⇒(v) and (iii)⇒(v), respectively) are
clear.
(v)⇒(iv) Since H is a closed subspace of Hk, also the space H is Fre´chet–Urysohn (sequential
or has countable tightness). Therefore, by Theorem 5.16, Xℵ0 has the property γ.
(iv)⇒(i) Since Xℵ0 has the property γ, Theorem 3.4 implies that the space Cp(Xℵ0 , Y )
ω is
Fre´chet–Urysohn. As H ⊆ B(X,Y ) ⊆ Cp(Xℵ0 , Y ) it follows that H
k embeds into Cp(Xℵ0 , Y )
ω for
every k ∈ (0, ω]. Thus Hk is a Fre´chet–Urysohn space. 
Example 5.18. Let X = [0, ω1] and Z = [0, ω1). Note that X and Z are scattered spaces. Since
X and Z are zero-dimensional T1-spaces ([10, 6.2.18]), by Proposition 2.13(iii), X and Z are Y -z-
normal for any topological space Y . By Theorem 5.16, for each metrizable space Y containing at
least two points (for example Y = R or Y = 2) and every ordinal α > 0, we obtain
(i) Bstα
(
X,Y
)
and Bα
(
X,Y
)
are Fre´chet–Urysohn spaces, but
(ii) Bstα
(
Z, Y
)
and Bα
(
Z, Y
)
have uncountable tightness. 
In the general case the tightness of spaces of Baire functions is computed in the next proposition
which generalizes (B) of Pestryakov’s Theorem 1.8 (see also [31]).
Proposition 5.19. Let Y be a metrizable space containing at least two points, X be a Y -Tychonoff
space, and let H be a subspace of B(X,Y ) containing Bst1 (X,Y ). Then
t(H) = p-Lin(Xℵ0) = sup{l(X
n
ℵ0) : n ∈ ω}.
Proof. By Proposition 5.15, H is a relatively Yp-Tychonoff subspace of Cp(Xℵ0 , Y ). Then the
first equality t(H) = p-Lin(Xℵ0) follows from Theorem 4.6. Now the second equality immediately
follows from Theorem 4.7.1 and Corollary 4.7.3 of [28] applied to Cp(Xℵ0). 
For compact spaces we have the following result.
Theorem 5.20. Let Y be a metrizable space containing at least two points, K be a Y -Tychonoff
compact space, and let H be a subspace of B(K,Y ) containing Bst1 (K,Y ). Then the following
assertions are equivalent:
(i) H is a Fre´chet–Urysohn space;
(ii) H is a sequential space;
(iii) H has countable tightness;
(iv) K is scattered.
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Proof. The implications (i)⇒(ii)⇒(iii) are clear.
(iii)⇒(iv) Suppose for a contradiction that K is not scattered. Then, by Theorem 8.5.4 of [40],
there is a continuous surjective map T : K → I = [0, 1]. Since I is a normal space, K =
⋃
t∈I T
−1(t)
is a continual disjoint union of zero-sets. Therefore the space Kℵ0 is not Lindelo¨f. Now Theorem
5.16 implies that the tightness of H is uncountable, a contradiction.
(iv)⇒(i) Since K is a compact scattered space, Theorem 5.7 of [27] states that Kℵ0 is Lindelo¨f
and Theorem 5.16 applies. 
Theorem 5.21. Let Y be a non-compact metrizable space, X be a Y -Tychonoff space, and let H
be a subspace of B(X,Y ) containing Bst1 (X,Y ). Then the following assertions are equivalent:
(i) H is a Fre´chet–Urysohn space;
(ii) H is a sequential space;
(iii) H is a k-space;
(iv) H has countable tightness;
(v) Xℵ0 satisfies the property γ.
Proof. Observe that H ⊆ B(X,Y ) ⊆ Cp(Xℵ0 , Y ). Since Y is a metric space, Proposition 5.8
implies that the space Xℵ0 is Y -Tychonoff. By Proposition 5.15, for every countable (finite or not)
subset D ⊆ Y , H∩Cp(Xℵ0 ,D) is a relatively Dp-Tychonoff subspace of Cp(Xℵ0 ,D). Now Theorems
4.3 and 5.16 apply. 
Since the class of Tychonoff spaces coincides with the class of R-Tychonoff spaces, Theorem 5.21
implies the following strengthening of Pestryakov’s Theorem 1.8.
Corollary 5.22. Let X be a Tychonoff space, and let H be a subspace of B(X) containing Bst1 (X).
Then the following assertions are equivalent:
(i) H is a Fre´chet–Urysohn space;
(ii) H is a sequential space;
(iii) H is a k-space;
(iv) H has countable tightness;
(v) Xℵ0 satisfies the property γ.
IfX has countable pseudocharacter, thenXℵ0 satisfies the property γ if and only ifX is countable
because, by Corollary 5.2, Xℵ0 is discrete. Therefore, for subspaces of B(X,Y ), Theorem 5.21 and
Corollary 5.13 imply the following extension of Theorem 1.9.
Corollary 5.23. Let Y be a non-compact metrizable space, X be a Y -Tychonoff space of countable
pseudocharacter, and let H be a subspace of B(X,Y ) containing Bst1 (X,Y ). Then the following
assertions are equivalent:
(i) H is metrizable and H = Y X ;
(ii) H is a k-space;
(iii) H has countable tightness;
(iv) H is a σ-space;
(v) H has countable cs∗-character;
(vi) X is countable.
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Now we consider bounded Baire functions. Let X be a Tychonoff space and E be a locally
convex space. A map f : X → E is called bounded (relatively compact) if the image f(X) is a
bounded (respectively, relatively compact) subset of E. For every countable ordinal α, we denote
by Bbα(X,E), B
rc
α (X,E), B
st,b
α (X,E) or B
st,rc
α (X,E) the family of all functions from Bα(X,E) or
Bstα (X,E) which are bounded or relatively compact, respectively. It is clear that
Bst,rcα (X,E) ⊆ B
st,b
α (X,E) ⊆ B
st
α (X,E) and B
rc
α (X,E) ⊆ B
b
α(X,E) ⊆ Bα(X,E).
For the special case when Y is a metrizable locally convex space, the next result strengthens
Corollary 5.13 and Theorem 5.21.
Theorem 5.24. Let E be a metrizable locally convex space, X be a Tychonoff space, and let H be
a subspace of B(X,E) containing Bst,rc1 (X,E). Then:
(A) The following assertions are equivalent:
(i) H is metrizable;
(ii) H is a σ-space;
(iii) H has countable cs∗-character;
(iv) X is countable.
(B) The following assertions are equivalent:
(i) H is a Fre´chet–Urysohn space;
(ii) H is a sequential space;
(iii) H is a k-space;
(iv) H has countable tightness;
(v) Xℵ0 satisfies the property γ.
Proof. The proof is actually given in the proofs of Theorems 5.11, 5.12, 5.16 and Proposition
5.15. Indeed, all functions used there have only finite image and hence belong to Bst,rc1 (X,E). 
We finish this section with the following analogue of Proposition 5.10.
Proposition 5.25. Let E be a locally convex space and let X be a countable Tychonoff space.
Then a map f : X → E is bounded (relatively compact) if and only if it belongs to Bst,b1 (X,E)
(respectively, Bst,rc1 (X,E)).
Proof. The assertion is trivial if X is finite. So, we assume that X is infinite. The sufficiency
follows from the definition of Bst,b1 (X,E) (B
st,rc
1 (X,E)). To prove the necessity, let f : X → E
be a bounded (relatively compact) map. Write X as the union X =
⋃
n∈ωXn of an increasing
sequence {Xn}n∈ω of nonempty finite subsets Xn of X. Since X is countable and Tychonoff, it
is zero-dimensional by Corollary 6.2.8 of [10]. For every n ∈ ω, by Proposition 2.10, the identity
map sn : Fn → Fn can be extended to a continuous function rn : X → Xn. It follows that the
function sequence {f ◦ rn}n∈ω stably converges to f and hence f ∈ B
st
1 (X,Y ). Since f(X) is a
bounded (respectively, relatively compact) subset of E, we obtain f ∈ Bst,b1 (X,E) (respectively,
f ∈ Bst,rc1 (X,E)). 
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6. Normality of spaces of Baire one functions
In [10, 3.1.H], Engelking showed that the space ωc contains a closed discrete subspace of cardi-
nality c, where ω is endowed with the discrete topology. The next proposition essentially generalizes
this fact (just apply the proposition to Y = ω, X = 2ω and H = Y X).
Proposition 6.1. Let Y be a Tychonoff space containing a closed and discrete subspace D =
{yn}n∈ω, X be an uncountable Y -z-Tychonoff metrizable compact space, and let H be a subspace
of Y X containing Bst1 (X,Y ). Then H contains a discrete and closed subspace F ⊆ B
st
1 (X,Y ) of
cardinality c such that f(X) ⊆ D for every f ∈ F (in fact, F is closed and discrete in Y X).
Proof. First we note that the metrizable space X is Y -normal by Proposition 2.15. Fix a metric
ρ on X such that ρ(x, y) ≤ 1 for all points x, y ∈ X. For every t ∈ X, similar to [10, 3.1.H], define
a function ft : X → D as follows:
ft(t) := y0, and ft(x) := yn if
1
n+1 < ρ(x, t) ≤
1
n .
Claim 1. ft ∈ B
st
1 (X,Y ) for every t ∈ X. Indeed, fix t ∈ X. For every natural numbers n, k
such that 1 ≤ n ≤ k, set
U tn,k :=
{
x ∈ X : 1n+1 +
1
4k2 ≤ ρ(x, t) ≤
1
n
}
and
V tk :=
{
x ∈ X : ρ(x, t) ≤ 1k+1
}
.
It is easy to see that the family {U tn,k}
k
n=1 ∪ {V
t
k} of closed subsets of X is disjoint and t ∈ V
t
k .
Since X is a Y -normal space, for every k ≥ 1, there exists a continuous function ft,k : X → Y such
that
ft,k(x) = yn if x ∈ U
t
n,k for 1 ≤ n ≤ k, and ft,k(x) = y0 if x ∈ V
t
k .
To prove the claim we shall show that ft,k stably converges to ft. Indeed, ft,k(t) = y0 for every
k ≥ 1. Now let x 6= t and choose n ≥ 1 such that 1n+1 < ρ(x, t) ≤
1
n . Take k0 ≥ 1 such that
1
n+1 +
1
4k2
0
< ρ(x, t). Then for every k ≥ max{n, k0}, we have x ∈ U
t
n,k and hence ft,k(x) = yn =
ft(x). Thus ft ∈ B
st
1 (X,Y ). Claim 1 is proved.
Let F := {ft : t ∈ X}. We shall show that F satisfies the conditions of the proposition. First
we show that F is discrete in Y X . To this end, consider two distinct points t, t′ ∈ X. Then
ft(t) = y0 but ft′(t) ∈ D\{y0}. If O0 is an open neighborhood of y0 such that O0 ∩D = {y0}, then
W [ft; {t},O0] ∩ F = {ft}. Thus F is discrete.
To show that F is closed, we shall prove that F is closed in Y X . Suppose for a contradiction
that F is not closed in Y X . Fix a function χ ∈ F\F . Observe that χ(X) ⊆ D because D is closed
and, by construction, f(X) ⊆ D for every f ∈ F .
Claim 2. χ(X) ⊆ D\{y0}. Indeed, assuming the converse we can find a point t ∈ X such that
χ(t) = y0. Since χ 6= ft, there is an x ∈ X such that χ(x) 6= ft(x). Choose an open neighborhood
Uχ(x) of χ(x) in Y such that Uχ(x) ∩D = {χ(x)}. Then(
W
[
χ; {t},O0
]
∩W
[
χ; {x}, Uχ(x)
])
∩ F = ∅
that contradicts the inclusion χ ∈ F . Thus χ(X) ⊆ D\{y0}.
Claim 3. There is an m ≥ 1 such that χ(X) ⊆ {y1, . . . , ym}. Indeed, suppose for a contradiction
that there exist a sequence {xk}k≥1 ⊆ X and an increasing sequence {nk}k≥1 ⊆ ω such that
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χ(xk) = ynk . Since X is compact, without loss of generality we can assume that xk → x0. Note that
χ(x0) = yn0 for some n0 > 0. Choose an open neighborhood On0 of yn0 such that On0 ∩D = {yn0}.
Since χ ∈ F , the standard neighborhood W [χ; {x0},On0 ] of χ contains only those ft ∈ F for which
ft(x0) = yn0 . Denote by T the set of all t ∈ X such that
1
n0+1
< ρ(x0, t) ≤
1
n0
,
so t ∈ T if and only if ft(x0) = yn0. As the metric ρ is continuous and X is compact, there is an
open neighborhood V of x0 such that
1
n0+2
< ρ(x, t) ≤ min
{
1
n0−1
, 1
}
(6.1)
for every x ∈ V and each t ∈ T . But the definition of ft and (6.1) imply that
ft(xk) ∈
{
ymax{n0−1,1}, yn0, yn0+1
}
(6.2)
for every t ∈ T and all k ∈ ω for which xk ∈ V . Choose k ∈ ω such that k > n0 + 1 and xk ∈ V ,
and take an open neighborhood Onk of ynk such that Onk ∩D = {ynk}. Then (6.2) implies(
W
[
χ; {x0},On0
]
∩W
[
χ; {xk},Onk
])
∩ F = ∅
which contradicts the inclusion χ ∈ F . Claim 3 is proved.
Since X is compact, choose a finite subset {z1, . . . , zs} of X such that for every x ∈ X there
is an ix ∈ {1, . . . , s} for which ρ(x, zix) <
1
2m , where m ∈ ω is defined in Claim 3. Choose open
neighborhoods O1, . . . , Os of χ(z1), . . . , χ(zs), respectively, such that Oi ∩ D = {χ(zi)} for every
i = 1, . . . , s. Consider the standard neighborhood
W =
s⋂
i=1
W
[
χ; {zi}, Oi
]
of the function χ. Now, for every t ∈ X, choose it ∈ {1, . . . , s} such that ρ(t, zit) <
1
2m . Then either
t = zit and hence ft(zit) = y0, or t 6= zit and hence ft(zit) = ynt for some nt > m. So, by Claims
2 and 3 and the construction of W , it follows that ft 6∈ W for every t ∈ X. Therefore χ 6∈ F that
contradicts the choice of the function χ. Thus the family F is closed in Y X . 
To show that a given space is not normal we shall use the following Jones’ Lemma, see [20,
Lemma 3.5].
Lemma 6.2. If X is a normal space, then 2|D| ≤ 2d(X) for every closed discrete D ⊆ X. In
particular, if X is normal and separable, then: (1) X cannot have a closed discrete set of cardinality
≥ c; (2) 2ω < 2ω1 implies that X cannot have a closed discrete set of cardinality ω1.
Proposition 6.3. Let Y be a separable non-compact metric space, X be a Y -z-Tychonoff metriz-
able compact space, and let H be a subspace of Y X containing Bst1 (X,Y ). Then H is a normal
space if and only if X is countable. In this case H = Y X .
Proof. Let H be a normal space. If X is uncountable, then, by Proposition 6.1, H contains
a closed and discrete subspace F of cardinality c. Since X is Y -Tychonoff (Proposition 2.13),
Corollary 4.15 implies that the space Cp(X,Y ) is separable. Since Cp(X,Y ) is dense in H, the
space H is also separable. Therefore, by Lemma 6.2, H is not normal. This contradiction shows
that X must be countable. Conversely, if X is countable, then, by Proposition 5.10, H = Y X , and
therefore H is metrizable and hence normal. 
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Recall that a topological space X is called k-scattered if every compact Hausdorff subspace of
X is scattered. It is proved in [8, p.34] that a Cˇech-complete space X is scattered if and only if it
is k-scattered (for a short proof of this result see Theorem 8.7 in [4]).
Proposition 6.4. Let Y be a path-connected non-compact separable metric space, and let X be a
Tychonoff space. Assume that H is a subspace of B(X,Y ) containing Bst1 (X,Y ). If H is a normal
space, then X is k-scattered.
Proof. We have to show that every compact subspace of X is scattered. Assuming the converse we
can find a non-scattered compact subspace K of X. By Theorem 8.5.4 of [40], there is a continuous
surjective map h : K → I = [0, 1]. The Tietze–Urysohn Theorem [10, 2.1.8] implies that h has
a continuous (surjective) extension g : X → I. Observe that the adjoint map g∗ : Y I → Y X ,
g∗(f) := f ◦ g, is a homeomorphism of Y I onto a closed subspace of Y X . By Proposition 2.13, I is
Y -z-Tychonoff. Since Y is not compact, it contains a closed and discrete countably infinite subset.
Now we can apply Proposition 6.1 to get that the space Bst1 (I, Y ) contains a subset A of cardinality
c which is closed and discrete in Y I. Since g is continuous we also have g∗
(
Bst1 (I, Y )
)
⊆ Bst1 (X,Y ).
Therefore g∗(A) is also a closed and discrete subset of H. Note that a closed subset of a normal
space is a normal space. Therefore the space Z := g∗
(
Bst1 (I, Y )
)H
is normal. Since Bst1 (I, Y ) is
separable (because it contains a dense subspace Cp(I, Y ) which is separable by Corollary 4.15), we
obtain that also Z is separable. Therefore g∗(A) is a closed and discrete subset of the separable
space Z and has cardinality c. Now Lemma 6.2 implies that Z is not normal, a contradiction. 
Recall (see [27]) that a Tychonoff space X is called functionally countable if the set f(X) is
countable for each function f ∈ C(X). In [4], topological spaces with this property are called R-
countable. In Theorem 4.1 of [7], Choban proved that a Tychonoff space X is functionally countable
if and only if f(X) is countable for each function f ∈ B1(X). Proposition 4.4 of [7] states that if
Xℵ0 is a Lindelo¨f space, then X and Xℵ0 are functionally countable spaces.
Recall that a subset A of a topological space X is called a Zσ-set in X if A =
⋃
{Zi : i ∈ ω},
where Zi is a zero-set of X for each i ∈ ω. For topological spaces X and Y , let A
0
1(X,Y ) be the
spaces of all functions f : X → Y such that f−1(U) is a Zσ-set in X. We need the following
assertion.
Proposition 6.5. Let Y be a perfectly normal space containing at least two points, and let X
be a Y -Tychonoff space such that B1(X,Y ) = A
0
1(X,Y ). If X is functionally countable, then
B1(X,Y ) = B(X,Y ). In particular, B1(X,Y ) = B2(X,Y ).
Proof. Let f ∈ B(X,Y ). Since Y is perfectly normal, for every open subset U ⊆ Y there is a
continuous function g : Y → R such that U = g−1(R\{0}). By induction on α ∈ ω1, one can check
that the function g ◦ f : X → R is also Baire. Hence f−1(U) = (g ◦ f)−1(R\{0}) is a Baire subset
of X. Therefore, by the equality B1(X,Y ) = A
0
1(X,Y ), to prove the proposition it is sufficient to
show that every Baire subset A of X is a Zσ-set in X. So let A be a Baire subset of X.
Claim 1. There are g = (gi)i∈ω ∈ C(X,R
ω) and a Baire subset H of Rω such that A = g−1(H).
Indeed, by the definition of Baire sets of a topological space, the set A is generated by a family {Zi :
i ∈ ω} of zero-sets of X, i.e. A = ϕ[Z0, ..., Zi, ...] where ϕ is an action in the hierarchy on the Baire
sets. For every i ∈ ω, choose a function gi ∈ C(X) such that Zi is the zero-set of gi and consider
the diagonal mapping g = (gi)i∈ω : X → R
ω. For each i ∈ ω, set Pi := {x = (xi) ∈ R
ω : xi = 0}. It
is clear that for each i ∈ ω, Pi is a zero-set of R
ω and g−1(Pi) = Zi. Let H = ϕ[P1, ..., Pi, ...], so H
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is a Baire subset of Rω. Since the operation of taking preimage preserves unions, intersections and
differences we obtain that A = g−1(H). The claim is proved.
As X is functionally countable, all the sets gi(X) ⊆ R are countable. Therefore the product∏
i∈ω gi(X) is a separable, zero-dimensional metrizable space, and hence so is its subspace g(X).
By Theorem 6.2.16 in [10], there is an embedding p of g(X) into 2ω. We can assume that 2ω ⊆ R.
As X is functionally countable, the set p ◦ g(X) is countable. Since p is a bijection, we obtain that
g(X) and hence also H are countable. But every countable subset of Rω is a Zσ-set in R
ω. Hence
A = g−1(H) is a Zσ-set in X. 
Let X and Y be sets. For a function f : X → Y and a subset T ⊆ Y , we set
σ(f, T ) :=
{
h ∈ σ(f) : h(x) ∈ T for every x ∈ X such that h(x) 6= f(x)
}
.
In the next theorem we shall use the following theorem (although this result was proved in [12] for
the case when Y is an abelian metrizable group containing an infinite uniformly discrete subset,
exactly the same proof works also for non-compact metrizable spaces).
Theorem 6.6 ([12]). Let Y be a non-compact metrizable space. Choose a discrete and closed
sequence T = {gn}n∈ω in Y . Assume that X is a set and let H be a subspace of Y
X containing
pointwise limits of sequences from σ(g1, T ) ∪ σ(g0, T ). Then H is a normal space if and only if X
is countable.
Recall that a topological space X is called K-analytic if X is a continuous image of a Lindelo¨f
Cˇech-complete space.
Theorem 6.7. Let Y be a path-connected non-compact separable metric space, and let X be a Ty-
chonoff K-analytic space of countable pseudocharacter. If B1(X,Y ) = A
0
1(X,Y ), then the following
assertions are equivalent:
(i) X is countable, so B1(X,Y ) = Y
X is separable and metrizable;
(ii) B1(X,Y ) is Lindelo¨f;
(iii) B1(X,Y ) is normal.
Proof. (i)⇒(ii) If X is countable, then, by Proposition 5.10, B1(X,Y ) = Y
X . Thus B1(X,Y ) is
separable and metrizable and hence Lindelo¨f. The implication (ii)⇒(iii) is clear.
(iii)⇒(i) Assume that B1(X,Y ) is normal. Then, by Proposition 6.4, X is k-scattered. By
Theorem 9.3 of [4], the space X is functionally countable. Now Proposition 6.5 implies that
B1(X,Y ) = B2(X,Y ). Therefore the space B2(X,Y ) is also normal. By Proposition 2.9, the space
X is Y -Tychonoff. Finally, applying Theorem 6.6 and Lemma 5.4, we obtain that X is countable.

To prove the next theorem we shall use the following result which is proved in [24, 25, 26].
Proposition 6.8. If Y is a separable metrizable space and X is Y -dimensional, then B1(X,Y ) =
A01(X,Y ).
Recall that a metrizable space X is called an absolute retract if X is a retract of any metrizable
space containing X as a closed subspace.
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Theorem 6.9. Let Y be a path-connected non-compact Polish absolute retract, and let X be a
normal K-analytic space of countable pseudocharacter. Then B1(X,Y ) is a normal space if and
only if X is countable. In this case B1(X,Y ) = Y
X is a separable metrizable space.
Proof. By Theorem 16.1(d) of Section II in [21], the space X is Y -dimensional. Therefore, by
Proposition 6.8, B1(X,Y ) = A
0
1(X,Y ). Now Theorem 6.7 applies. 
Theorem 6.9 immediately implies
Corollary 6.10. Let X be a Lindelo¨f Cˇech-complete space of countable pseudocharacter (for ex-
ample, X is a Polish space). Then B1(X) is normal if and only if X is countable. In this case
B1(X) = R
X is a separable metric space.
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